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According to our understanding of the everyday physical world, observable phenomena are un-
derpinned by persistent objects that can be reidentified (or tracked) across time by observation
of their distinctive properties. This understanding is reflected in classical mechanics, which posits
that matter consists of persistent, reidentifiable particles. However, the mathematical symmetriza-
tion procedures used to describe identical particles within the quantum formalism have led to the
widespread belief that identical quantum particles lack either persistence or reidentifiability. How-
ever, it has proved difficult to reconcile these assertions with the fact that identical particles are
routinely assumed to be reidentifiable in particular circumstances. For example, when two elec-
trons move through a bubble chamber, each is said to generate a sequence of bubbles (a ‘track’)
that is caused by one and the same particle. Moreover, neither of these assertions accounts for
the mathematical form of the symmetrization procedures used to describe identical particles within
the quantum framework, leaving open theoretical possibilities other than bosonic and fermionic
behavior, such as paraparticles, which do not appear to be realized in nature. Here we propose
the novel idea that both persistence and nonpersistence models must be employed in order to fully
account for the behaviour of identical particles. Thus, identical particles are neither persistent nor
nonpersistent. We prove the viability of this viewpoint by showing how Feynman’s and Dirac’s
symmetrization procedures arise through a synthesis of a quantum treatment of these models, and
by showing how reidentifiability emerges in a context-dependent manner. We further show that
the persistence and nonpersistence models satisfy the key characteristics of Bohr’s concept of com-
plementarity, and thereby propose that the behavior of identical particles is a manifestation of a
persistence–nonpersistence complementarity, analogous to Bohr’s wave–particle complementarity for
individual particles. Finally, we construct a precise parallel between these two complementarities,
and detail their conceptual similarities and dissimilarities.
We ordinarily conceive of the everyday physical world
as consisting of objects that bear properties and that
persist through time. Developed early in life through
our continual sensorimotor interaction with the physical
world, this conception organizes our experience of the
external world into a coherent, predictive model. In par-
ticular, persistence underwrites our ability to say that the
object one is seeing now is the same as a specific object
that one saw elsewhere at an earlier time. In practice,
objects’ gradual motion and slowly-varying characteristic
properties (such as shape and colour) provide the percep-
tual handles that enable their reidentification.
Classical physics incorporates these key notions—
objects, properties, and persistence—into its abstract
conceptual framework at a fundamental level. Persis-
tence is reflected in the assumption that objects can be
labelled. Additionally, classical mechanics posits that ob-
jects localized to point-like regions of space—particles—
are the fundamental constituents of matter. Much as in
everyday experience, these particles can be reidentified
by continuous tracking of their motion, and by measure-
ment of their characteristic intrinsic properties (such as
mass and charge). In this framework, two particles may
be entirely identical in their intrinsic properties—a sit-
uation that does not arise in everyday experience—yet
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remain reidentifiable by their distinct trajectories.
It is, however, widely accepted that quantum theory
challenges the validity of the classical particle-based un-
derstanding of the physical world. In particular, the
quantum treatment of assemblies of identical particles
has brought into question the assumptions of persistence
and reidentifiability. This challenge was first brought to
light through Bose’s derivation of Planck’s blackbody ra-
diation formula [1]. In this derivation, calculation of the
number of ways in which a given number of photons can
be arranged amongst cells in phase space only takes into
account the number of photons in each cell. Thus, unlike
Boltzmann’s corresponding calculation for gas molecules,
no account is taken of which photon is in which cell.
Bose’s counting procedure admits two quite distinct
interpretations. First, that the photons are not per-
sistent, so that the very notion of ‘which photon is in
which cell’ is meaningless. Second, that the photons are
not reidentifiable by any observer. The first view was
taken by many contemporary physicists. For example,
at the 1927 Solvay Conference, Langevin suggested that
the novel quantum statistics pointed to a suppression of
the ‘individuality of the constituents of the system’ [2,
p. 453]. More pointedly, in his 1950 Dublin lectures [3],
Schroedinger states: “If I observe a particle here and now,
and observe a similar one a moment later at a place
very near the former place, not only cannot I be sure
whether it is ‘the same’, but this statement has no ab-
solute meaning.” The second view is based on the sym-
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2metrization procedure that was put forward by Heisen-
berg and Dirac [4–6] as a way of incorporating Bose’s
novel counting procedure and Pauli’s exclusion princi-
ple into the nascent quantum formalism. According to
Dirac [7, §54], what is special about identical particles is
that they are ‘indistinguishable’—or not reidentifiable—
in the sense that observations provide no information
about which particle is which.
However, these interpretations are both at odds with
assumptions that are routinely made in the interpreta-
tion of primary experimental data. For example, in an
experiment in which we say that electrons are created at
a filament, diffracted through a crystal lattice, and then
impact a phosphorescent screen, we presume that each
scintillation on the screen is due to the same electron that
was emitted by the filament, even though there are many
other electrons in the laboratory and elsewhere. The cor-
rectness of the diffraction pattern calculated on the as-
sumption of persistence demonstrates that the assump-
tion is at least approximately validity in this instance.
Yet, according to Dirac’s symmetrization procedure, this
electron is in a symmetrized state with all the other elec-
trons (irrespective of its ostensible isolation from them),
which implies that each has the same reduced state, so
that each is equally likely to be found in inside or out-
side the experiment (see, for instance, [8–12]). Similarly,
the notion of ‘particle tracks’ (say, in a bubble cham-
ber), which is a prerequisite to the processing of primary
data in particle physical experiments, implicitly assumes
object persistence—a sequence of bubbles is deemed to
have been generated by the same particle, thus consti-
tuting a ‘track’—even when another particle identical to
it lies simultaneously in the detector’s field of view.
Additionally, neither of these interpretations provide a
basis for accounting in detail for the quantum rules em-
ployed in the treatment of identical particles. For exam-
ple, although the nonpersistence view naturally accounts
for Bose’s photon-counting procedure, it provides no clue
as to the origin of Pauli’s exclusion principle, which (in
a modification of Bose’s procedure) was implemented by
Fermi as a single-occupancy limit on each phase-space
cell [13]. Similarly, although Dirac’s non-reidentifiability
view explains why a system initially placed in a symmet-
ric or antisymmetric state will remain in the same type
of state under temporal evolution, it provides no expla-
nation of why a system cannot be in a nonsymmetric
state (specifically, in a linear combinations of symmetric
and antisymmetric states) in the first place. Dirac’s view
also leaves open the theoretical possibility that a system
of three or more particles could exhibit so-called parasta-
tistical behaviour, a possibility for which no experimental
evidence has been found (see [7, §54] and [14]).
The above considerations suggest that neither inter-
pretation is satisfactory, and that a more thoroughgoing
revision of our conceptual picture is necessary if we are to
pinpoint the essential idea that underlies the behaviour of
identical particles and rigorously account for the empir-
ical success of Dirac’s symmetrization procedure. Now,
as we have noted, identical particles sometimes behave
as if persistent (for example, two electrons moving along
distinct particle ‘tracks’), and sometimes as if nonper-
sistent (as in Bose’s photon-counting procedure). This
suggests that, rather than trying to account for this be-
havioral diversity on the basis of persistence or nonper-
sistence alone, we instead attempt to combine both of
these pictures in a more even-handed way.
In this paper, we develop a novel understanding of
identical particles along these lines. We adopt an op-
erational approach in which the raw data consists of
identical localized events. To be concrete, one can think
of observing a fixed number of localized light-flashes
of the same colour at successive times. At this stage,
there are no ‘identical particles’ as such, only identi-
cal events. We construct two distinct models of these
events, namely a persistence model and a nonpersistence
model. These differ in whether or not it is assumed that
successive events are generated by individual persistent
entities (‘particles’). We then show that these models
can each be described within the Feynman formulation
of quantum theory and be synthesized to derive the Feyn-
man’s form of the symmetrization procedure [15]. As we
show elsewhere [16, 17] and summarize here, this proce-
dure can be transformed into a state-based symmetriza-
tion procedure which is empirically adequate yet differs
from Dirac’s procedure in form and meaning, in particu-
lar allowing for the natural emergence of reidentifiability
in special cases.
We then show that the persistence and nonpersistence
models, and the manner of their synthesis, satisfy the
key characteristics of Bohr’s concept of complementar-
ity, specifically that these models are mutually exclusive,
and that they can be synthesized but not unified. On this
basis, we propose that the quantal behaviour of iden-
tical particles reflects a complementarity of persistence
and nonpersistence, analogous to the way in which the
behavior of an individual electron reflects wave–particle
complementarity.
Finally, we exhibit a precise parallel between our pro-
posed persistence–nonpersistence complementarity and
Bohr’s wave–particle complementarity. In particular,
we show that the Feynman amplitude sum rule can be
viewed as a synthesis of the wave and particle models
of elementary constituents of matter in a manner that
formally mirrors the way in which a symmetrization pro-
cedure arises through a synthesis of persistence and non-
persistence models of identical localized events. These
two examples thereby illustrate how complementarity
can be turned into a precise methodology for synthesizing
mutually-exclusive models.
The remainder of this paper is organized as follows. In
Sec. I, we define the concepts of persistence and nonper-
sistence in an operational manner. In Sec. II, we out-
line the derivation of the symmetrization procedure. In
Sec. III, we describe our complementarity interpretation
of identical particles in light of this derivation, and estab-
lish a detailed parallel with Bohr’s wave–particle comple-
3mentarity. We conclude in Sec. IV with a discussion of
the broader context and some open questions.
I. OPERATIONAL FRAMEWORK
Our discussion will be based on the fundamental key
notions of persistence and nonpersistence. In order to
place these notions on a clear footing, we begin by step-
ping back from the familiar theoretical frameworks of
classical and quantum mechanics, and instead adopt an
operational perspective. Such a perspective is helpful
in identifying assumptions that are of limited validity
in physical domains remote from everyday experience,
but that are too entrenched in our customary patterns of
thought to be clearly and consistently perceived.
1. Position measurements of localized events and
their properties. Consider a situation where a position
measurement, implemented by a fine grid of detectors
that tile a region of space, is performed at discrete
times t1, t2, . . . (see Fig. 1). Suppose that only two de-
tectors fire at each time. We can speak of each such
detection as a localized event (a ‘flash’). Suppose fur-
ther that these detectors are capable not only of reg-
istering a localized event, but also of measuring some
additional properties of this event. For concreteness, we
henceforth imagine that there is just one additional prop-
erty, namely colour; thus, at each time, one observes two
coloured flashes.
Let us further suppose that observation shows that
these additional properties are conserved, in the sense
that the total number of flashes of each colour seen at
each time is the same. For example, at each time, one
obtains a blue flash and a red flash. If it should be the
case that both of the localized events have the same addi-
tional property values (for example, both the flashes are
blue), we shall say they are identical. That is the situa-
tion that concerns us here. Finally, let us suppose that
the system is isolated. Operationally, this can be estab-
lished by carrying out repeated trials, and showing that
the probability over the locations of the two detections
at t2 are determined by the locations at t1, a condition
we refer to as closure [18].
On the basis of these observations, we say that the
measurements are being performed on a ‘system’, namely
a persistent object that is such that (i) it yields two
localized events at each time ti, and (ii) the property-
values (colours) of these events is conserved.
A. Persistence model
We now construct a model of data in which two iden-
tical localized events are registered at each time. Let us
assume that there exist individual entities that persist in
between these detections, and that these entities can (in-
formally) be said to cause these detections. We shall refer
to these entities as particles on the understanding that
persistence model
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observational data
<latexit sha1_base64="QDXoNx+Jd1iajt3 xg8LTKBkCIVM=">AAANC3iclVfdjttEFHb5Le4CW7jszdA0You62zhbFShtZUqRygVQpG5bab 1dje1xPFp7HM1Mdje1csEL8BrcgsQV4paH6NvwzYyd2LspCEtJxjPn/3znnEk8LbjSo9GrC2+ 8+dbb77x78T3/0sb7H3y4efmjp6qayYTtJVVRyecxVazggu1prgv2fCoZLeOCPYuPvjHnz46Z VLwST/R8yg5KOhE84wnV2DrcvBJpdqpVVlexYvLY7tKCpFTTxeHmYLQzsg85vwiaxSDc9Ozz+ PDypVdRWiWzkgmdFFSp/WA01Qc1lZonBVv40UyxKU2O6ITtYyloydRBbb1YkCF2UpJVEh+hid 3tctS0VGpexqAsqc7V2TOzue5sf6azLw5qLqYzzUTiFGWzguiKmJCQlEuW6GKOBU0kh60kyam kiUbgelqcpb2tuFz4fvSQwV/JvofuH6dMUl3JOlITsajNFwgEO0mqsqQiraMHU76o6ygu6wir BQwiD7maFnROsEG4IA+qIvXX+udHJT1iFHnWsM6P8BspesxCc0qTBJGPVsuu3s8inoWKi0nB9 ncP6qFPSKSYjqvTUZTju75WdzivjnZvj+tBsFi8eHRt0SEev5Y4OmJSIN89Jp6lvIxyPbqHrz EZ7EasUIwMxlHGcb7wh09yRmIqyQkvChIzUlbHgIHJDQ4kn+SaxHNCSU6LjFQZgd4kCY0ueoO c5DzJCVdAS2nSm1paF6s7fe8lKyzXfnDgTB0EEWxjp1PZEQmDvsuMask+VdCqZkinAiqmGrAs iuoEEbSmweYbZiGIqIhgE5TOMSNGCCmRSUfcUn7lD6kgNE15U2D1gphEKiiQDFRUW9KuOniVw 33CRDXDD2Chc+Mpqv2Mayc8ZVBiPQt5JlDRBsAvADJzFOLMpLIeAWxntpAruLyHlMBXoA3Qxb KYVKiDvLTV6DBDTOlVhVqj2gjbH0P3EmBW9PIstK+DsdW2bntsjFgrNlxCNWYTiJbVbGreUpZ 18DcYBIPBGHTDbwVF50M6lDZ5AlwcBcwmeGy5dCrlTOX0cl9WLjHCRKYbghsEdWmzlXGp9KpX IEVKM5qSLcWQdYb8X2/08mywO27VA2tihn44U5GVEBoJxBTE8CGDnBK93MrnmhamGVXSNCgAp 5HmKjF6GTa16GQqPUfke/IXh/XCFeKKS5/8N1vdYzRVIsLoJDW8boumx1QkrDnaNmcvQ3/4Ax Df7Bn4rvXBJMVC3QZzp1VxjIy3rLtuM9SsnGKLrlW9PN2OXMEo9ErW2LA8bM0AoHT+b6pXHMF ovY9Lir6f98jWeR9vkt3rZJtsPZCMo6BuQuj1FgmmITre+whaKweN0yLgbDtUeSUxttDZbANg tv5bprsj8okT23a3erRze2Hb23ZDswJgYJd4QYeV5sJQr9i2l3xtuns47Yi/1SNrMHIuXKBb0 1394eMCSXJ+VGXMjV8ZNw3RNs6t1ujrhGeAjsne/RFBE8Lrumbc1HVT2VaS1TQYL+3qBvyuDX ifNHCTqKHtHpBeHFsyO8D+TyTR5ZpCciPPtjMbk5RNdR6FwohbtqYwtl0uCoE2Pe/sM7fvipb pUB2hYaJzOHG49MwkCERqfcxk9RK6Geybm0M3rjsS3BJW09OORV257tA/1zWfNtBAj2VpSB1k V7ORC8w41IPCcOuknqCvA7tFoUhH1h2/h82+ZGdAEAR1E0IX+qZJEyon9qYJJAmFm7Iy5b3q2 pVYNWyjm2ednq2rIwxurjCWibtKtV0dg9ht2NnXABVXC3szbseIGT+TKsaoCTXqFCNEwkmMoY iJ1L3Uy6TPNEa8w1zb7Ncxd3jbksUlPRIVagj2d0fF1z0MGmNWh3UPbK8PaYfFxdbSGxvckF3 eNCszEH0ffwaCs1f/84u98c6XO8FPtwbhlvtT4F30rnhXvS0v8D73Qu+R99jb8xLvZ+9X7zfv 941fNv7Y+HPjL0f6xoWG52Ov92z8/Q9d0nKn</latexit><latexit sha1_base64="QDXoNx+Jd1iajt3 xg8LTKBkCIVM=">AAANC3iclVfdjttEFHb5Le4CW7jszdA0You62zhbFShtZUqRygVQpG5bab 1dje1xPFp7HM1Mdje1csEL8BrcgsQV4paH6NvwzYyd2LspCEtJxjPn/3znnEk8LbjSo9GrC2+ 8+dbb77x78T3/0sb7H3y4efmjp6qayYTtJVVRyecxVazggu1prgv2fCoZLeOCPYuPvjHnz46Z VLwST/R8yg5KOhE84wnV2DrcvBJpdqpVVlexYvLY7tKCpFTTxeHmYLQzsg85vwiaxSDc9Ozz+ PDypVdRWiWzkgmdFFSp/WA01Qc1lZonBVv40UyxKU2O6ITtYyloydRBbb1YkCF2UpJVEh+hid 3tctS0VGpexqAsqc7V2TOzue5sf6azLw5qLqYzzUTiFGWzguiKmJCQlEuW6GKOBU0kh60kyam kiUbgelqcpb2tuFz4fvSQwV/JvofuH6dMUl3JOlITsajNFwgEO0mqsqQiraMHU76o6ygu6wir BQwiD7maFnROsEG4IA+qIvXX+udHJT1iFHnWsM6P8BspesxCc0qTBJGPVsuu3s8inoWKi0nB9 ncP6qFPSKSYjqvTUZTju75WdzivjnZvj+tBsFi8eHRt0SEev5Y4OmJSIN89Jp6lvIxyPbqHrz EZ7EasUIwMxlHGcb7wh09yRmIqyQkvChIzUlbHgIHJDQ4kn+SaxHNCSU6LjFQZgd4kCY0ueoO c5DzJCVdAS2nSm1paF6s7fe8lKyzXfnDgTB0EEWxjp1PZEQmDvsuMask+VdCqZkinAiqmGrAs iuoEEbSmweYbZiGIqIhgE5TOMSNGCCmRSUfcUn7lD6kgNE15U2D1gphEKiiQDFRUW9KuOniVw 33CRDXDD2Chc+Mpqv2Mayc8ZVBiPQt5JlDRBsAvADJzFOLMpLIeAWxntpAruLyHlMBXoA3Qxb KYVKiDvLTV6DBDTOlVhVqj2gjbH0P3EmBW9PIstK+DsdW2bntsjFgrNlxCNWYTiJbVbGreUpZ 18DcYBIPBGHTDbwVF50M6lDZ5AlwcBcwmeGy5dCrlTOX0cl9WLjHCRKYbghsEdWmzlXGp9KpX IEVKM5qSLcWQdYb8X2/08mywO27VA2tihn44U5GVEBoJxBTE8CGDnBK93MrnmhamGVXSNCgAp 5HmKjF6GTa16GQqPUfke/IXh/XCFeKKS5/8N1vdYzRVIsLoJDW8boumx1QkrDnaNmcvQ3/4Ax Df7Bn4rvXBJMVC3QZzp1VxjIy3rLtuM9SsnGKLrlW9PN2OXMEo9ErW2LA8bM0AoHT+b6pXHMF ovY9Lir6f98jWeR9vkt3rZJtsPZCMo6BuQuj1FgmmITre+whaKweN0yLgbDtUeSUxttDZbANg tv5bprsj8okT23a3erRze2Hb23ZDswJgYJd4QYeV5sJQr9i2l3xtuns47Yi/1SNrMHIuXKBb0 1394eMCSXJ+VGXMjV8ZNw3RNs6t1ujrhGeAjsne/RFBE8Lrumbc1HVT2VaS1TQYL+3qBvyuDX ifNHCTqKHtHpBeHFsyO8D+TyTR5ZpCciPPtjMbk5RNdR6FwohbtqYwtl0uCoE2Pe/sM7fvipb pUB2hYaJzOHG49MwkCERqfcxk9RK6Geybm0M3rjsS3BJW09OORV257tA/1zWfNtBAj2VpSB1k V7ORC8w41IPCcOuknqCvA7tFoUhH1h2/h82+ZGdAEAR1E0IX+qZJEyon9qYJJAmFm7Iy5b3q2 pVYNWyjm2ednq2rIwxurjCWibtKtV0dg9ht2NnXABVXC3szbseIGT+TKsaoCTXqFCNEwkmMoY iJ1L3Uy6TPNEa8w1zb7Ncxd3jbksUlPRIVagj2d0fF1z0MGmNWh3UPbK8PaYfFxdbSGxvckF3 eNCszEH0ffwaCs1f/84u98c6XO8FPtwbhlvtT4F30rnhXvS0v8D73Qu+R99jb8xLvZ+9X7zfv 941fNv7Y+HPjL0f6xoWG52Ov92z8/Q9d0nKn</latexit><latexit sha1_base64="QDXoNx+Jd1iajt3 xg8LTKBkCIVM=">AAANC3iclVfdjttEFHb5Le4CW7jszdA0You62zhbFShtZUqRygVQpG5bab 1dje1xPFp7HM1Mdje1csEL8BrcgsQV4paH6NvwzYyd2LspCEtJxjPn/3znnEk8LbjSo9GrC2+ 8+dbb77x78T3/0sb7H3y4efmjp6qayYTtJVVRyecxVazggu1prgv2fCoZLeOCPYuPvjHnz46Z VLwST/R8yg5KOhE84wnV2DrcvBJpdqpVVlexYvLY7tKCpFTTxeHmYLQzsg85vwiaxSDc9Ozz+ PDypVdRWiWzkgmdFFSp/WA01Qc1lZonBVv40UyxKU2O6ITtYyloydRBbb1YkCF2UpJVEh+hid 3tctS0VGpexqAsqc7V2TOzue5sf6azLw5qLqYzzUTiFGWzguiKmJCQlEuW6GKOBU0kh60kyam kiUbgelqcpb2tuFz4fvSQwV/JvofuH6dMUl3JOlITsajNFwgEO0mqsqQiraMHU76o6ygu6wir BQwiD7maFnROsEG4IA+qIvXX+udHJT1iFHnWsM6P8BspesxCc0qTBJGPVsuu3s8inoWKi0nB9 ncP6qFPSKSYjqvTUZTju75WdzivjnZvj+tBsFi8eHRt0SEev5Y4OmJSIN89Jp6lvIxyPbqHrz EZ7EasUIwMxlHGcb7wh09yRmIqyQkvChIzUlbHgIHJDQ4kn+SaxHNCSU6LjFQZgd4kCY0ueoO c5DzJCVdAS2nSm1paF6s7fe8lKyzXfnDgTB0EEWxjp1PZEQmDvsuMask+VdCqZkinAiqmGrAs iuoEEbSmweYbZiGIqIhgE5TOMSNGCCmRSUfcUn7lD6kgNE15U2D1gphEKiiQDFRUW9KuOniVw 33CRDXDD2Chc+Mpqv2Mayc8ZVBiPQt5JlDRBsAvADJzFOLMpLIeAWxntpAruLyHlMBXoA3Qxb KYVKiDvLTV6DBDTOlVhVqj2gjbH0P3EmBW9PIstK+DsdW2bntsjFgrNlxCNWYTiJbVbGreUpZ 18DcYBIPBGHTDbwVF50M6lDZ5AlwcBcwmeGy5dCrlTOX0cl9WLjHCRKYbghsEdWmzlXGp9KpX IEVKM5qSLcWQdYb8X2/08mywO27VA2tihn44U5GVEBoJxBTE8CGDnBK93MrnmhamGVXSNCgAp 5HmKjF6GTa16GQqPUfke/IXh/XCFeKKS5/8N1vdYzRVIsLoJDW8boumx1QkrDnaNmcvQ3/4Ax Df7Bn4rvXBJMVC3QZzp1VxjIy3rLtuM9SsnGKLrlW9PN2OXMEo9ErW2LA8bM0AoHT+b6pXHMF ovY9Lir6f98jWeR9vkt3rZJtsPZCMo6BuQuj1FgmmITre+whaKweN0yLgbDtUeSUxttDZbANg tv5bprsj8okT23a3erRze2Hb23ZDswJgYJd4QYeV5sJQr9i2l3xtuns47Yi/1SNrMHIuXKBb0 1394eMCSXJ+VGXMjV8ZNw3RNs6t1ujrhGeAjsne/RFBE8Lrumbc1HVT2VaS1TQYL+3qBvyuDX ifNHCTqKHtHpBeHFsyO8D+TyTR5ZpCciPPtjMbk5RNdR6FwohbtqYwtl0uCoE2Pe/sM7fvipb pUB2hYaJzOHG49MwkCERqfcxk9RK6Geybm0M3rjsS3BJW09OORV257tA/1zWfNtBAj2VpSB1k V7ORC8w41IPCcOuknqCvA7tFoUhH1h2/h82+ZGdAEAR1E0IX+qZJEyon9qYJJAmFm7Iy5b3q2 pVYNWyjm2ednq2rIwxurjCWibtKtV0dg9ht2NnXABVXC3szbseIGT+TKsaoCTXqFCNEwkmMoY iJ1L3Uy6TPNEa8w1zb7Ncxd3jbksUlPRIVagj2d0fF1z0MGmNWh3UPbK8PaYfFxdbSGxvckF3 eNCszEH0ffwaCs1f/84u98c6XO8FPtwbhlvtT4F30rnhXvS0v8D73Qu+R99jb8xLvZ+9X7zfv 941fNv7Y+HPjL0f6xoWG52Ov92z8/Q9d0nKn</latexit><latexit sha1_base64="ShEvIg8JCXTHMnI 1YDZPZ67Coak=">AAANC3iclVfdjttEFHb5Le4CLVz2ZmgasYu62zhbFShtZUqRygVQpG5bab 1dje1xPFp7JvJMdje1csEL8BrcgsQV4paH6NvwzYyd2LspCEtJxjPn/3znnEk8LbjSo9GrC2+ 8+dbb77x78T3/0sb7H3x4+cpHT5WcVQnbS2Qhq+cxVazggu1prgv2fFoxWsYFexYffWPOnx2z SnEpnuj5lB2UdCJ4xhOqsXV4+Wqk2alWWS1jxapju0sLklJNF4eXB6OdkX3I+UXQLAZe8zw+v HLpVZTKZFYyoZOCKrUfjKb6oKaV5knBFn40U2xKkyM6YftYCloydVBbLxZkiJ2UZLLCR2hid7 scNS2VmpcxKEuqc3X2zGyuO9uf6eyLg5qL6UwzkThF2awgWhITEpLyiiW6mGNBk4rDVpLktKK JRuB6Wpylva24XPh+9JDB34p9D90/TllFtazqSE3EojZfIBDsJJFlSUVaRw+mfFHXUVzWEVYL GEQecjUt6Jxgg3BBHsgi9df650clPWIUedawzo/wGyl6zEJzSpMEkY9Wy67ezyKehYqLScH2d w/qoU9IpJiO5ekoyvFdX687nNdGu7fH9SBYLF48ur7oEI9fSxwdsUog3z0mnqW8jHI9uoevMR nsRqxQjAzGUcZxvvCHT3JGYlqRE14UJGaklMeAgckNDio+yTWJ54SSnBYZkRmB3iQJjS56g5z kPMkJV0BLadKbWloXqzt97ytWWK794MCZOggi2MZOp1VHJAz6LjOqK/apglY1QzoVUDHVgGVR yBNE0JoGm2+YhSBCEsEmKJ1jRowQUiKTjril/MofUkFomvKmwOoFMYlUUFAxUFFtSbvq4FUO9 wkTcoYfwELnxlNU+xnXTnjKoMR6FvJMoKINgF8AZOYoxJlJZT0C2M5sIVdweQ8pga9AG6CLZT GRqIO8tNXoMENM6clCrVFthO2PoXsJMCt6eRba18HYalu3PTZGrBUbLqEaswlEV3I2NW8pyzr 4GwyCwWAMuuG3gqLzIR1KmzwBLo4CZhM8tlw6lXKmcnq5L6VLjDCR6YbgBkFd2mxlvFJ61SuQ IqUZTcmmYsg6Q/63Gr08G+yOW/XAmpihH85UZCWERgIxBTF8yCCnRC+38rmmhWlGsjINCsBpp LlKjF6GTS06mUrPEfme/MVhvXCFuOLSJ//NVvcYTZWIMDpJDa/boukxFQlrjrbN2cvQH/4AxD d7Br5rfTBJsVC3wdxpVRwj4y3rrtsMNSun2KJrVS9PtyNXMAq9kjU2LA9bMwAonf+b6hVHMFr v45Ki7+c9snnex5tkd4tsk80HFeMoqJsQutUiwTREx3sfQWvloHFaBJxthyqXFcYWOpttAMzW f8t0d0Q+cWLb7laPdm4vbHvbbmhWAAzsEi/osJW5MNQrtu0lX5vuHk474m/1yBqMnAsX6NZ0V 3/4uECSnB+yjLnxK+OmIdrGudkavUV4BuiY7N0fETQhvK5rxk1dN5VtJVlNg/HSrm7A79qA90 kDN4ka2u4B6cWxJbMD7P9EEl2uKSQ38mw7szFJ2VTnUSiMuGVrCmPb5aIQaNPzzj5z+65omQ7 VERomOocTh0vPrAKBSK2PWSVfQjeDfXNz6MZ1R4Jbwmp62rGoK9cd+ue65tMGGuixLA2pg+xq NnKBGYd6UBhundQT9HVgtygU6ci64/ew2ZfsDAiCoG5C6ELfNGlCq4m9aQJJQuGmrEx5r7q2F KuGbXTzrNOztTzC4OYKY5m4q1Tb1TGI3YadfQ1QcbWwN+N2jJjxM5ExRk2oUacYIRWcxBiKmE jdS71M+kxjxDvMtc1+HXOHty1ZXNIjIVFDsL87Kr7uYdAYszqse2B7fUg7LC62lt7Y4Ibs8qY pzUD0ffwZCM5e/c8v9sY7X+4EP90ahJvNv4KL3lXvmrfpBd7nXug98h57e17i/ez96v3m/b7x y8YfG39u/OVI37jQ8Hzs9Z6Nv/8BfrZyVw==</latexit>
t1
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FIG. 1: Event detections and the persistence model. Left:
Two localized events are detected at the successive times.
The measurements at time t1 and t2 yield outcomes `1, `2
and m1,m2, respectively, with the labelling convention that
the left-most locations are `1 and m1. An additional
property—‘colour’ in our example—of each event is measured,
according to which the events are said to be nonidentical or
identical. In the example here, the events are identical, illus-
trated by the two filled circles at each time. The set of these
additional properties at each time is conserved, illustrated
here by there being two filled circles at each time. Right: A
persistence model of the data posits that two persistent en-
tities (‘particles’) are responsible for these detections. Each
particle is ascribed colour as an intrinsic property, whose value
is constant. In the example here, the particles are the same
colour, and are thus identical. On this model, one can say
either that the same particle is responsible for detections `1
and m1 (proposition A) or that the same particle is responsi-
ble for `1 and m2 (proposition B).
this word describes the localized, particle-like way that
they manifest themselves upon detection, rather than im-
plying anything about their nature between such detec-
tions. We ascribe intrinsic and extrinsic properties to
these particles. The former are the same as the addi-
tional properties measured of the localized events, and
their values are assumed to be constant. In this case,
the flashes are the same colour, so we say that there are
two particles of the same colour, and we assume that
the colour of each particle is constant. As the colours
of two particles are the same, we shall say that they are
identical.
On the basis of this persistence model, one can now
meaningfully say that same particle is responsible for
detections at two different times. Suppose that events
are detected at locations `1 and `2 at time t1, and at m1
and m2 at t2. Here, we adopt the labelling convention
that `1,m1 are the left-most locations at each time. Ac-
cording to the persistence model, even though the two
events at each time are identical, one can say that one or
the other of the following propositions is true:
A = ‘the same particle is responsible for the de-
tection `1 at t1 and the detection at m1 at t2,’
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FIG. 2: Reidentification of identical particles. Two identical
localized events are detected at successive times. A persis-
tence model of the data posits that two identical persistent
entities (‘particles’) are responsible for these detections. Rei-
dentification may or may not be possible, depending upon
whether events at each time are identical, and on whether
additional assumptions can be made about the nature of the
particles. Left: As the events are identical (same colours),
reidentification is not possible on the basis of measurement
of their intrinsic properties (colours) given only observations
at t1 and t2. Right: If one has numerous observations be-
tween times t1 and t2, and if further modelling assumptions
are made (that the particles move continuously and are undis-
turbed by measurement), then approximate reidentification is
possible. In the idealized limit of an observer capable of obser-
vation of arbitrarily precision at arbitrarily high frequency (as
presumed in classical mechanics), perfect reidentification is
possible.
or
B = ‘the same particle is responsible for the de-
tection `1 at t1 and the detection at m2 at t2.’
1. Reidentifiability. If it is possible for an observer
to determine which of the above propositions is true, we
shall say that it is possible to reidentify each particle (see
Fig. 2). That is, reidentification is the observational
counterpart of the theoretical notion of persistence. As
the particles are identical (same colour), reidentification
on the basis of measurement of their intrinsic properties
is impossible, so that the possibility of reidentification
will hinge upon additional theoretical and operational
considerations.
In particular, if one makes the additional theoretical
assumption that particle motion is continuous, and fur-
ther assume that it is possible for an observer to make
non-disturbing position measurements of arbitrary pre-
cision at arbitrarily high frequency, then reidentifica-
tion (at arbitrarily high confidence level) of identical par-
ticles is possible on the basis of the measurement records.
2. Persistence grounds particle labels. If persistence
is assumed, then either proposition A or B, as given
above, is true. This provides the basis for particle la-
belling. Specifically, let us label ‘1’ the particle that
was at `1 at t1, and label the other particle ‘2’. Then,
the configuration of the system at t1 is given by the or-
dered pair (`1, `2), and the configuration at time t2 is
either (m1,m2) or (m2,m1). Each of the latter two or-
dered pairs thus reflects not only the observed particle
positions at t2, but also—as a result of the theoretical
assumption of persistence—some information about the
observed positions at the earlier (reference) time, t1. For
example, the configuration (m1,m2) specifies not only
the information that there are two identical particles at
locations m1 and m2 (which is what is observed at t2),
but also that the particle that is now at m1 was earlier
at `1.
To say that reidentification is, in principle, possible,
means that there exists an observer who can determine
which of these configurations is in fact the case. But,
for an observer who is not capable of reidentification,
there is a gap between the theoretical level of description
of the system—the configuration—and the information
available to that observer. For example, at t2, the theo-
retical description might be the configuration (m1,m2),
but the observer would be incapable of distinguishing this
from (m2,m1).
3. Connection to Classical Mechanics. In classical
mechanics, persistence is assumed, and an ideal observer
is capable of reidentifying identical particles (provided
they cannot coincide) by tracking their continuous trajec-
tories with arbitrary precision but without causing dis-
turbance. Therefore, the theoretical and observational
descriptions coincide in the configuration (r1, r2) of two
particles.
B. Nonpersistence Model
We can, however, construct a second model—a nonper-
sistence model—of the identical localized events in which
one does not presume that there are individual persistent
entities that underlie the individual localized detections.
Rather, the two localized events at each time are regarded
as a manifestation of a single abstract ‘system’ that per-
sists. One is thus left with the bare data of localized
events {`1, `2} at t1 and {m1,m2} at t2. Repeated trials
of the experiment would yield a conditional probability
distribution Pr ({m1,m2} | {`1, `2}).
In such a model, the only persistent object is an
abstract ‘system’ which yields two localized detection
events at each measurement time. As this object is not
analyzed into two separate persistent objects, the fun-
damental techniques that one ordinarily employs in con-
structing particle-based models are unavailable. For in-
stance, in classical mechanics, one can start by positing
that individual objects move uniformly if isolated, and
5then build up a model of a system of how two such ob-
jects interact with one another by imposing constraints in
the form of conservation laws; but such a model-building
strategy hinges on an analysis of the system into per-
sistent individuals which is unavailable in the nonpersis-
tence model.
II. DERIVATION OF A SYMMETRIZATION
PROCEDURE
As indicated in the Introduction, the quantum treat-
ment of identical particles brings the assumption of per-
sistence into question. If one were to refrain from making
this assumption, one would be left with the observational
data, which for identical localized events consists simply
of a list of the event-positions at each time. But, on the
basis of such data alone, it is not clear how one could go
about generating predictions about the event-positions at
a later time since a particle-based model-making strategy
is blocked.
On the other hand, we have observational evidence
that persistence is at least approximately valid in cer-
tain situations, for example in the case of identical local-
ized events in a bubble chamber. In order to construct
a predictive model, we incorporate both of these pieces
of observational evidence by formulating two models of
these events—one that assumes non-persistence and the
other that assumes persistence—and then connect them.
A. Synthesis of Persistence and Nonpersistence
To be specific, consider again the above experiment
involving position measurements at times t1 and t2. We
now construct two theoretical models of this situation
within the Feynman quantum formalism (see Fig. 3). In
the persistence model, irrespective of whether or not rei-
dentification is possible, we can say that either one or
the other transitions connects the observed data—a di-
rect transition, where the particle that was at `1 at t1 is
later found at m1 at t2; or an indirect transition from `1
to m2. Let us denote the amplitudes of these transi-
tions α12 and α21, respectively.
The second model, the nonpersistence model, does not
presume that there are persistent entities that underlie
the observed localized detections. Accordingly, the only
amplitude that one can associate with the given data in
this model is the transition amplitude, α, from the ini-
tial data {`1, `2} at t1 to the final data {m1,m2} at t2.
The connection between these two models takes the form
of the operational indistinguishability postulate (OIP),
which posits that the amplitudes in the persistence model
determine the amplitude in the nonpersistence model. In
the case of measurements at two successive times under
consideration here,
α = H(α12, α21), (1)
`1 `2
m1 m2
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persistence model
<latexit sha1_base64="Bsv53QZMNUcyOewz3a mc/gmhWw8=">AAANCniclVfdbtxEFHbLX3EDpHAHN0O3K5KqSdebqkBpK1OKVC6AIjVtpTiNxvZ4PYo 9Xnlms9lalngBXoNbkLhC3PISfRu+mbF37WQLYqXsjmfOnN/vfMcJpxmXajR6deHiG2++9fY7l951L2 +89/4Hm1c+fCqLWRmx/ajIivJ5SCXLuGD7iquMPZ+WjOZhxp6Fx9/o82cnrJS8EE/UYsoOczoRPOERV dg62vw4UOxUyaSaaiGpmIgYyYuYZfXR5mC0OzIfcn7hNYuBv+mYz+OjK5dfBXERzXImVJRRKQ+80VQd VrRUPMpY7QYzyaY0OqYTdoCloDmTh5UJoiZD7MQkKUr8CUXMbvdGRXMpF3kIyZyqVJ4905vrzg5mKv nisOJiOtPRWUPJLCOqIDojJOYli1S2wIJGJYevJEppSSOFlPSsWE97W2Feu27wkCHekn0P2z8ikVQVZ RXIiagr/QUBweZRkedUxFXwYMrrqgrCvAqwquEQecjlNKMLgg3CBXlQZLG7Nj43yOkxoyizgndugN9A 0hPm61MaRch8sFp27V4PeOJLLiYZO9g7rIYuIYFkKixOR0GK7+pa1bl5dbR3e1wNvLp+8eha3REev1Y 4OGalQL17l3gS8zxI1egevsZksBewTDIyGAcJx3ntDp+kjIS0JHOeZSTU2DsBDHRtcFDySapIuCCUpD RLSJEQ2I0iX9uiN8g85VFKuARacl3e2MjaXN3pR1+yzNw68A6tqwMvgG/sdFp2VMKh7xJtumSfSViVM 90XQMVUAZZZVsyRQeMafL6hF4KIggg2QT+dMKKVkByVtMKt5FfukApC45jrrqMZqWqiCylhoGSQosqI ds0hqhThEyaKGX4AC5XqSNHsZ0Kb85jBiInM54lAQ2sAvwDI9JGPM13KagSwndlCrRDyPkqCWIE2QBf LbFKgD9LcdKPFDNGtV2RyjWmt7GAM20uAGdXLM988DsbG2rrtsXZirVp/CdWQTaC6LGZT/RSzpIO/wc AbDMaQG34rKIgP5ZBK1wlwsRJwm+Bj2qXTKWc6p1f7vLCFEToz3RTcIOhLU62El1KtuAIlAn/SmGxJh qoz1H+7scuTwd64NQ+siRn4cCYDo8HXGohuiOFDBj05qNzo54pmmoyKUhMUgNNos50YvPSbXrQ6pVo g8z399VFV20Zc3VLz/75W9S7qLhF+MI/1XbtF4xOKQdEc7eizl747/AGIb/Y0fNfGoItioG6SuduaOE HF26t7dtNXLJ9ii641vTzdCWzDSHAla3xYHrZuAFAq/TfTqxveaH2MS4l+nPfI1vkYb5K9bbJDth6Uj KOhbkLpdosETYj27n0krdUD4jQIOEuHMi1KjC0wmyEAZvq/vXR3RD61alt2q0a7t2tDbzuNzAqAnlni AQxb6veFanVtZ3mvLXcPpx31t3piDUbOpQtya9jVHT7OUCQbR5GHXMeVcE2Ihji3Wqe3CU8AHV29+yM CEsLjOjJu+rrpbKPJWBqMl351E37XJLwv6tlJ1Mh2D0gvj62YGWD/J5NguaaR7MgzdGZyErOpSgNfaH VLavJDw3KBD7SpRWef2X3btEz58hiECeaw6vDSMyshIGITY1IWL2Gbwb+FPrTjuqPBLuE1Pe141NVrD 91zrPm0gQY4lsU+tZBdzUYuMOPQDxLDrVN6Al4HdrNMko6uO24Pm33N1gHP86omhTb1DUkTWk7MmyaQ JPSbq9TtvWLtQqwIW9vmSYezVXGMwc0lxjKxr1Itq2MQ2w0z+xqg4tXCvC63Y0SPn0kRYtT4Cn2KEVI iSIyhgInYPlTLos8URrzFXEv26y537rYti3f0QBToIfjfHRVf9zConVkdVj2wvT6lnSs2t0Ze+2CH7P JNs9AD0XXxz4B39tX//GJ/vPvlrvfTrYG/Zf8pcC45nzhXnS3Hcz53fOeR89jZdyLnZ+dX5zfn941f Nv7Y+HPjLyt68UJz5yOn99n4+x+UBXJA</latexit><latexit sha1_base64="Bsv53QZMNUcyOewz3a mc/gmhWw8=">AAANCniclVfdbtxEFHbLX3EDpHAHN0O3K5KqSdebqkBpK1OKVC6AIjVtpTiNxvZ4PYo 9Xnlms9lalngBXoNbkLhC3PISfRu+mbF37WQLYqXsjmfOnN/vfMcJpxmXajR6deHiG2++9fY7l951L2 +89/4Hm1c+fCqLWRmx/ajIivJ5SCXLuGD7iquMPZ+WjOZhxp6Fx9/o82cnrJS8EE/UYsoOczoRPOERV dg62vw4UOxUyaSaaiGpmIgYyYuYZfXR5mC0OzIfcn7hNYuBv+mYz+OjK5dfBXERzXImVJRRKQ+80VQd VrRUPMpY7QYzyaY0OqYTdoCloDmTh5UJoiZD7MQkKUr8CUXMbvdGRXMpF3kIyZyqVJ4905vrzg5mKv nisOJiOtPRWUPJLCOqIDojJOYli1S2wIJGJYevJEppSSOFlPSsWE97W2Feu27wkCHekn0P2z8ikVQVZ RXIiagr/QUBweZRkedUxFXwYMrrqgrCvAqwquEQecjlNKMLgg3CBXlQZLG7Nj43yOkxoyizgndugN9A 0hPm61MaRch8sFp27V4PeOJLLiYZO9g7rIYuIYFkKixOR0GK7+pa1bl5dbR3e1wNvLp+8eha3REev1Y 4OGalQL17l3gS8zxI1egevsZksBewTDIyGAcJx3ntDp+kjIS0JHOeZSTU2DsBDHRtcFDySapIuCCUpD RLSJEQ2I0iX9uiN8g85VFKuARacl3e2MjaXN3pR1+yzNw68A6tqwMvgG/sdFp2VMKh7xJtumSfSViVM 90XQMVUAZZZVsyRQeMafL6hF4KIggg2QT+dMKKVkByVtMKt5FfukApC45jrrqMZqWqiCylhoGSQosqI ds0hqhThEyaKGX4AC5XqSNHsZ0Kb85jBiInM54lAQ2sAvwDI9JGPM13KagSwndlCrRDyPkqCWIE2QBf LbFKgD9LcdKPFDNGtV2RyjWmt7GAM20uAGdXLM988DsbG2rrtsXZirVp/CdWQTaC6LGZT/RSzpIO/wc AbDMaQG34rKIgP5ZBK1wlwsRJwm+Bj2qXTKWc6p1f7vLCFEToz3RTcIOhLU62El1KtuAIlAn/SmGxJh qoz1H+7scuTwd64NQ+siRn4cCYDo8HXGohuiOFDBj05qNzo54pmmoyKUhMUgNNos50YvPSbXrQ6pVo g8z399VFV20Zc3VLz/75W9S7qLhF+MI/1XbtF4xOKQdEc7eizl747/AGIb/Y0fNfGoItioG6SuduaOE HF26t7dtNXLJ9ii641vTzdCWzDSHAla3xYHrZuAFAq/TfTqxveaH2MS4l+nPfI1vkYb5K9bbJDth6Uj KOhbkLpdosETYj27n0krdUD4jQIOEuHMi1KjC0wmyEAZvq/vXR3RD61alt2q0a7t2tDbzuNzAqAnlni AQxb6veFanVtZ3mvLXcPpx31t3piDUbOpQtya9jVHT7OUCQbR5GHXMeVcE2Ihji3Wqe3CU8AHV29+yM CEsLjOjJu+rrpbKPJWBqMl351E37XJLwv6tlJ1Mh2D0gvj62YGWD/J5NguaaR7MgzdGZyErOpSgNfaH VLavJDw3KBD7SpRWef2X3btEz58hiECeaw6vDSMyshIGITY1IWL2Gbwb+FPrTjuqPBLuE1Pe141NVrD 91zrPm0gQY4lsU+tZBdzUYuMOPQDxLDrVN6Al4HdrNMko6uO24Pm33N1gHP86omhTb1DUkTWk7MmyaQ JPSbq9TtvWLtQqwIW9vmSYezVXGMwc0lxjKxr1Itq2MQ2w0z+xqg4tXCvC63Y0SPn0kRYtT4Cn2KEVI iSIyhgInYPlTLos8URrzFXEv26y537rYti3f0QBToIfjfHRVf9zConVkdVj2wvT6lnSs2t0Ze+2CH7P JNs9AD0XXxz4B39tX//GJ/vPvlrvfTrYG/Zf8pcC45nzhXnS3Hcz53fOeR89jZdyLnZ+dX5zfn941f Nv7Y+HPjLyt68UJz5yOn99n4+x+UBXJA</latexit><latexit sha1_base64="Bsv53QZMNUcyOewz3a mc/gmhWw8=">AAANCniclVfdbtxEFHbLX3EDpHAHN0O3K5KqSdebqkBpK1OKVC6AIjVtpTiNxvZ4PYo 9Xnlms9lalngBXoNbkLhC3PISfRu+mbF37WQLYqXsjmfOnN/vfMcJpxmXajR6deHiG2++9fY7l951L2 +89/4Hm1c+fCqLWRmx/ajIivJ5SCXLuGD7iquMPZ+WjOZhxp6Fx9/o82cnrJS8EE/UYsoOczoRPOERV dg62vw4UOxUyaSaaiGpmIgYyYuYZfXR5mC0OzIfcn7hNYuBv+mYz+OjK5dfBXERzXImVJRRKQ+80VQd VrRUPMpY7QYzyaY0OqYTdoCloDmTh5UJoiZD7MQkKUr8CUXMbvdGRXMpF3kIyZyqVJ4905vrzg5mKv nisOJiOtPRWUPJLCOqIDojJOYli1S2wIJGJYevJEppSSOFlPSsWE97W2Feu27wkCHekn0P2z8ikVQVZ RXIiagr/QUBweZRkedUxFXwYMrrqgrCvAqwquEQecjlNKMLgg3CBXlQZLG7Nj43yOkxoyizgndugN9A 0hPm61MaRch8sFp27V4PeOJLLiYZO9g7rIYuIYFkKixOR0GK7+pa1bl5dbR3e1wNvLp+8eha3REev1Y 4OGalQL17l3gS8zxI1egevsZksBewTDIyGAcJx3ntDp+kjIS0JHOeZSTU2DsBDHRtcFDySapIuCCUpD RLSJEQ2I0iX9uiN8g85VFKuARacl3e2MjaXN3pR1+yzNw68A6tqwMvgG/sdFp2VMKh7xJtumSfSViVM 90XQMVUAZZZVsyRQeMafL6hF4KIggg2QT+dMKKVkByVtMKt5FfukApC45jrrqMZqWqiCylhoGSQosqI ds0hqhThEyaKGX4AC5XqSNHsZ0Kb85jBiInM54lAQ2sAvwDI9JGPM13KagSwndlCrRDyPkqCWIE2QBf LbFKgD9LcdKPFDNGtV2RyjWmt7GAM20uAGdXLM988DsbG2rrtsXZirVp/CdWQTaC6LGZT/RSzpIO/wc AbDMaQG34rKIgP5ZBK1wlwsRJwm+Bj2qXTKWc6p1f7vLCFEToz3RTcIOhLU62El1KtuAIlAn/SmGxJh qoz1H+7scuTwd64NQ+siRn4cCYDo8HXGohuiOFDBj05qNzo54pmmoyKUhMUgNNos50YvPSbXrQ6pVo g8z399VFV20Zc3VLz/75W9S7qLhF+MI/1XbtF4xOKQdEc7eizl747/AGIb/Y0fNfGoItioG6SuduaOE HF26t7dtNXLJ9ii641vTzdCWzDSHAla3xYHrZuAFAq/TfTqxveaH2MS4l+nPfI1vkYb5K9bbJDth6Uj KOhbkLpdosETYj27n0krdUD4jQIOEuHMi1KjC0wmyEAZvq/vXR3RD61alt2q0a7t2tDbzuNzAqAnlni AQxb6veFanVtZ3mvLXcPpx31t3piDUbOpQtya9jVHT7OUCQbR5GHXMeVcE2Ihji3Wqe3CU8AHV29+yM CEsLjOjJu+rrpbKPJWBqMl351E37XJLwv6tlJ1Mh2D0gvj62YGWD/J5NguaaR7MgzdGZyErOpSgNfaH VLavJDw3KBD7SpRWef2X3btEz58hiECeaw6vDSMyshIGITY1IWL2Gbwb+FPrTjuqPBLuE1Pe141NVrD 91zrPm0gQY4lsU+tZBdzUYuMOPQDxLDrVN6Al4HdrNMko6uO24Pm33N1gHP86omhTb1DUkTWk7MmyaQ JPSbq9TtvWLtQqwIW9vmSYezVXGMwc0lxjKxr1Itq2MQ2w0z+xqg4tXCvC63Y0SPn0kRYtT4Cn2KEVI iSIyhgInYPlTLos8URrzFXEv26y537rYti3f0QBToIfjfHRVf9zConVkdVj2wvT6lnSs2t0Ze+2CH7P JNs9AD0XXxz4B39tX//GJ/vPvlrvfTrYG/Zf8pcC45nzhXnS3Hcz53fOeR89jZdyLnZ+dX5zfn941f Nv7Y+HPjLyt68UJz5yOn99n4+x+UBXJA</latexit><latexit sha1_base64="hIVBLXJmz5YKq+S8eQ G44f760+s=">AAANCniclVfdbtxEFHb5LW6AFu7gZuh2RYKadL2pCpS2MqVI5QIoUtNWitNobI/Xo9h jyzObZGtZ4gV4DW5B4gpxy0v0bfhmxt61ky2IlbI7njlzfr/zHScsMy7VZPLywmuvv/HmW29ffMe9tP Hue+9fvvLBE1nMq4jtRUVWVM9CKlnGBdtTXGXsWVkxmocZexoefaPPnx6zSvJCPFaLkh3kdCZ4wiOqs HV4+aNAsVMlk7rUQlIxETGSFzHLmsPLo8nOxHzI+YXXLkZO+3l0eOXSyyAuonnOhIoyKuW+NynVQU0r xaOMNW4wl6yk0RGdsX0sBc2ZPKhNEA0ZYycmSVHhTyhidvs3appLuchDSOZUpfLsmd5cd7Y/V8kXBz UX5VxHZw0l84yoguiMkJhXLFLZAgsaVRy+kiilFY0UUjKwYj0dbIV547rBA4Z4K/Y9bP+IRFJVVHUgZ 6Kp9RcEBDuJijynIq6D+yVv6joI8zrAqoFD5AGXZUYXBBuEC3K/yGJ3bXxukNMjRlFmBe/cAL+BpMfM 16c0ipD5YLXs2/0s4IkvuZhlbH/3oB67hASSqbA4nQQpvutrde/m1cnurWk98prm+cNrTU94+krh4Ih VAvUeXOJJzPMgVZO7+JqS0W7AMsnIaBokHOeNO36cMhLSipzwLCOhxt4xYKBrg4OKz1JFwgWhJKVZQo qEwG4U+doWvU5OUh6lhEugJdfljY2szdXtYfQVy8ytfe/AujryAvjGTsuqpxIOfZdo0xX7VMKqnOu+A CpKBVhmWXGCDBrX4PN1vRBEFESwGfrpmBGthOSopBXuJL9yx1QQGsdcdx3NSN0QXUgJAxWDFFVGtG8O UaUInzBRzPEDWKhUR4pmPxPaCY8ZjJjIfJ4INLQG8HOATB/5ONOlrCcA25kt1Aoh76EkiBVoA3SxzGY F+iDNTTdazBDdekUm15jWyvansL0EmFG9PPPN42hqrK3bnmon1qr1l1AN2Qyqq2Je6qeYJT38jUbeaD SF3PhbQUF8KIdUuk6Ai5WA2wQf0y69TjnTOYPa54UtjNCZ6afgOkFfmmolvJJqxRUoEfiTxmRTMlSdo f5brV2ejHannXlgTczBh3MZGA2+1kB0Q4wfMOjJQeVGP1c002RUVJqgAJxWm+3E4IXf9qLVKdUCmR/ obw7rxjbi6pY6+e9r9eCi7hLhByexvmu3aHxMMSjao2199sJ3xz8A8e2ehu/aGHRRDNRNMnc6E8eoeH d11276iuUltuha08vT7cA2jARXstaH5WHnBgCl0n8zvbrhTdbHuJQYxnmXbJ6P8QbZ3SLbZPN+xTga6 gaUbnVI0IRo795D0jo9IE6DgLN0KNOiwtgCsxkCYKb/u0t3JuQTq7Zjt3qyc6sx9LbdyqwA6JklHsCw lX5fqFfXtpf3unIPcNpTf3Mg1mLkXLogt4Zd3fGjDEWycRR5yHVcCdeEaIhzs3N6i/AE0NHVuzchICE 8riPjtq/bzjaajKXRdOlXP+F3TMKHop6dRK1s/4AM8tiJmQH2fzIJlmsbyY48Q2cmJzErVRr4QqtbUp MfGpYLfKBNLXr7zO7bpmXKl0cgTDCHVYeXnnkFARGbGJOqeAHbDP4t9KEd1z0Ndgmv6WnPo75ee+ieY 80nLTTAsSz2qYXsajZygRmHfpAYbr3SE/A6sJtlkvR03XYH2Bxqtg54nle3KbSpb0ma0Gpm3jSBJKHf XKVu7xVrF2JF2No2T3qcrYojDG4uMZaJfZXqWB2D2G6Y2dcCFa8W5nW5GyN6/MyKEKPGV+hTjJAKQWI MBUzE9qFeFn2uMOIt5jqyX3e5d7drWbyjB6JAD8H//qj4eoBB7czqsB6A7dUp7V2xuTXy2gc7ZJdvmo UeiK6Lfwa8s6/+5xd7050vd7yfbo78zfa/govOx85VZ9PxnM8d33noPHL2nMj52fnV+c35feOXjT82 /tz4y4q+dqG986Ez+Gz8/Q+06XHw</latexit>
nonpersistence model
<latexit sha1_base64="QcrUFTuEwIx1aCMHuy qBO0QwEbg=">AAANDXiclVfdbtxEFHb5LW6AFC4R0tDtihQ16XpTFShtZUqRygVQpKatFKfR2B7vjmL PrDyzSbaWr3gBXoNbkLhC3PIMfRu+mbF37WQLYqXsjmfOnN/vfMeJZzlXejR6eeG119948623L77jX9 p49733Ny9/8ETJeZmwvUTmsnwWU8VyLtie5jpnz2Ylo0Wcs6fx0Tfm/OkxKxWX4rFezNhBQSeCZzyhG luHmx9Hmp1qlVVCipmRU5qJhJFCpiyvDzcHo52R/ZDzi6BZDMJNz34eHV6+9DJKZTIvmNBJTpXaD0Yz fVDRUvMkZ7UfzRWb0eSITtg+loIWTB1UNo6aDLGTkkyW+BOa2N3ujYoWSi2KGJIF1VN19sxsrjvbn+ vsi4OKi9ncROcMZfOcaElMUkjKS5bofIEFTUoOX0kypSVNNFLSs+I87W3FRe370QOGeEv2PWz/iERSL csqUhNRV+YLAoKdJLIoqEir6P6M11UVxUUVYVXDIfKAq1lOFwQbhAtyX+apvzY+PyroEaOotIZ3foTf SNFjFppTmiTIfLRadu1+FvEsVFxMcra/e1ANfUIixXQsT0fRFN/V1apz88po99a4GgR1/fzh1bojPH6 lcHTESoF69y7xLOVFNNWju/gak8FuxHLFyGAcZRzntT98PGUkpiU54XlOYoO9Y8DA1AYHJZ9MNYkXhJ IpzTMiMwK7SRIaW/Q6OZnyZEq4AloKU97Uyrpc3e5HX7Lc3toPDpyrgyCCb+x0VnZUwqHvMmO6ZJ8qW FVz0xdAxUwDlnkuT5BB6xp8vm4WgghJBJugpY4ZMUpIgUo64VbyK39IBaFpyk3j0ZxUNTGFVDBQMkhR bUW75hDVFOETJuQcP4CFnppI0e9nQjvhKYMRG1nIM4GeNgB+DpCZoxBnppTVCGA7s4VaIeQ9lASxAm2 ALpb5RKIPpoXtRocZYlpP5mqNaaNsfwzbS4BZ1cuz0D4Oxtbauu2xcWKt2nAJ1ZhNoLqU85l5SlnWwd 9gEAwGY8gNvxUU3IdyKG3qBLg4CbhN8LHt0umUM53Tq30hXWGEyUw3BdcJ+tJWK+Ol0iuuQInAnzQlW 4qh6gz1v9bY5dlgd9yaB9bEHHw4V5HVEBoNxDTE8AGDngJsbvVzTXNDRrI0BAXgNNpcJ0YvwqYXnU6 lF8h8T399WNWuEVe39Ml/X6t6F02XiDA6Sc1dt0XTY4pB0Rxtm7MXoT/8AYhv9gx818ZgimKhbpO505 o4RsXbq7tuM9SsmGGLrjW9PN2OXMMocCVrfFgetm4AUHr6b6ZXN4LR+hiXEv0475Kt8zHeILvXyDbZu l8yjoa6AaXXWiQYQnR37yFprR4Qp0XAWTpUU1libIHZLAEw2//tpTsj8olT27JbNdq5VVt6225kVgAM 7BIPYNjSvDJUq2vby3ttuXs47ai/2RNrMHIuXZBbw67+8FGOIrk4ZBFzE1fGDSFa4txqnb5GeAbomOr dGxGQEB7XkXHT101nW03W0mC89Kub8Ds24X3RwE2iRrZ7QHp5bMXsAPs/mQTLNY3kRp6lM5uTlM30NA qFUbekpjC2LBeFQJtedPaZ23dNy3SojkCYYA6nDi898xICIrUxZqV8AdsM/i3MoRvXHQ1uCa/pacejr l536J9jzScNNMCxLA2pg+xqNnKBGYd+UBhundIT8Dqwm+eKdHTd9nvY7Gt2DgRBUDUpdKlvSJrQcmLf NIEkYd5clWnvFWtLsSJsY5tnHc7W8giDmyuMZeJepVpWxyB2G3b2NUDFq4V9Y27HiBk/Exlj1IQafYo RUiJIjKGIidQ9VMuizzVGvMNcS/brLnfuti2L1/RISPQQ/O+Oiq97GDTOrA6rHthendLOFZdbK298cE N2+aYpzUD0ffwzEJx99T+/2BvvfLkT/HRzEG65fwq8i95H3hVvywu8z73Qe+g98va8xPvZ+9X7zft9 45eNPzb+3PjLib52obnzodf7bPz9D4Bnc6k=</latexit><latexit sha1_base64="QcrUFTuEwIx1aCMHuy qBO0QwEbg=">AAANDXiclVfdbtxEFHb5LW6AFC4R0tDtihQ16XpTFShtZUqRygVQpKatFKfR2B7vjmL PrDyzSbaWr3gBXoNbkLhC3PIMfRu+mbF37WQLYqXsjmfOnN/vfMeJZzlXejR6eeG119948623L77jX9 p49733Ny9/8ETJeZmwvUTmsnwWU8VyLtie5jpnz2Ylo0Wcs6fx0Tfm/OkxKxWX4rFezNhBQSeCZzyhG luHmx9Hmp1qlVVCipmRU5qJhJFCpiyvDzcHo52R/ZDzi6BZDMJNz34eHV6+9DJKZTIvmNBJTpXaD0Yz fVDRUvMkZ7UfzRWb0eSITtg+loIWTB1UNo6aDLGTkkyW+BOa2N3ujYoWSi2KGJIF1VN19sxsrjvbn+ vsi4OKi9ncROcMZfOcaElMUkjKS5bofIEFTUoOX0kypSVNNFLSs+I87W3FRe370QOGeEv2PWz/iERSL csqUhNRV+YLAoKdJLIoqEir6P6M11UVxUUVYVXDIfKAq1lOFwQbhAtyX+apvzY+PyroEaOotIZ3foTf SNFjFppTmiTIfLRadu1+FvEsVFxMcra/e1ANfUIixXQsT0fRFN/V1apz88po99a4GgR1/fzh1bojPH6 lcHTESoF69y7xLOVFNNWju/gak8FuxHLFyGAcZRzntT98PGUkpiU54XlOYoO9Y8DA1AYHJZ9MNYkXhJ IpzTMiMwK7SRIaW/Q6OZnyZEq4AloKU97Uyrpc3e5HX7Lc3toPDpyrgyCCb+x0VnZUwqHvMmO6ZJ8qW FVz0xdAxUwDlnkuT5BB6xp8vm4WgghJBJugpY4ZMUpIgUo64VbyK39IBaFpyk3j0ZxUNTGFVDBQMkhR bUW75hDVFOETJuQcP4CFnppI0e9nQjvhKYMRG1nIM4GeNgB+DpCZoxBnppTVCGA7s4VaIeQ9lASxAm2 ALpb5RKIPpoXtRocZYlpP5mqNaaNsfwzbS4BZ1cuz0D4Oxtbauu2xcWKt2nAJ1ZhNoLqU85l5SlnWwd 9gEAwGY8gNvxUU3IdyKG3qBLg4CbhN8LHt0umUM53Tq30hXWGEyUw3BdcJ+tJWK+Ol0iuuQInAnzQlW 4qh6gz1v9bY5dlgd9yaB9bEHHw4V5HVEBoNxDTE8AGDngJsbvVzTXNDRrI0BAXgNNpcJ0YvwqYXnU6 lF8h8T399WNWuEVe39Ml/X6t6F02XiDA6Sc1dt0XTY4pB0Rxtm7MXoT/8AYhv9gx818ZgimKhbpO505 o4RsXbq7tuM9SsmGGLrjW9PN2OXMMocCVrfFgetm4AUHr6b6ZXN4LR+hiXEv0475Kt8zHeILvXyDbZu l8yjoa6AaXXWiQYQnR37yFprR4Qp0XAWTpUU1libIHZLAEw2//tpTsj8olT27JbNdq5VVt6225kVgAM 7BIPYNjSvDJUq2vby3ttuXs47ai/2RNrMHIuXZBbw67+8FGOIrk4ZBFzE1fGDSFa4txqnb5GeAbomOr dGxGQEB7XkXHT101nW03W0mC89Kub8Ds24X3RwE2iRrZ7QHp5bMXsAPs/mQTLNY3kRp6lM5uTlM30NA qFUbekpjC2LBeFQJtedPaZ23dNy3SojkCYYA6nDi898xICIrUxZqV8AdsM/i3MoRvXHQ1uCa/pacejr l536J9jzScNNMCxLA2pg+xqNnKBGYd+UBhundIT8Dqwm+eKdHTd9nvY7Gt2DgRBUDUpdKlvSJrQcmLf NIEkYd5clWnvFWtLsSJsY5tnHc7W8giDmyuMZeJepVpWxyB2G3b2NUDFq4V9Y27HiBk/Exlj1IQafYo RUiJIjKGIidQ9VMuizzVGvMNcS/brLnfuti2L1/RISPQQ/O+Oiq97GDTOrA6rHthendLOFZdbK298cE N2+aYpzUD0ffwzEJx99T+/2BvvfLkT/HRzEG65fwq8i95H3hVvywu8z73Qe+g98va8xPvZ+9X7zft9 45eNPzb+3PjLib52obnzodf7bPz9D4Bnc6k=</latexit><latexit sha1_base64="QcrUFTuEwIx1aCMHuy qBO0QwEbg=">AAANDXiclVfdbtxEFHb5LW6AFC4R0tDtihQ16XpTFShtZUqRygVQpKatFKfR2B7vjmL PrDyzSbaWr3gBXoNbkLhC3PIMfRu+mbF37WQLYqXsjmfOnN/vfMeJZzlXejR6eeG119948623L77jX9 p49733Ny9/8ETJeZmwvUTmsnwWU8VyLtie5jpnz2Ylo0Wcs6fx0Tfm/OkxKxWX4rFezNhBQSeCZzyhG luHmx9Hmp1qlVVCipmRU5qJhJFCpiyvDzcHo52R/ZDzi6BZDMJNz34eHV6+9DJKZTIvmNBJTpXaD0Yz fVDRUvMkZ7UfzRWb0eSITtg+loIWTB1UNo6aDLGTkkyW+BOa2N3ujYoWSi2KGJIF1VN19sxsrjvbn+ vsi4OKi9ncROcMZfOcaElMUkjKS5bofIEFTUoOX0kypSVNNFLSs+I87W3FRe370QOGeEv2PWz/iERSL csqUhNRV+YLAoKdJLIoqEir6P6M11UVxUUVYVXDIfKAq1lOFwQbhAtyX+apvzY+PyroEaOotIZ3foTf SNFjFppTmiTIfLRadu1+FvEsVFxMcra/e1ANfUIixXQsT0fRFN/V1apz88po99a4GgR1/fzh1bojPH6 lcHTESoF69y7xLOVFNNWju/gak8FuxHLFyGAcZRzntT98PGUkpiU54XlOYoO9Y8DA1AYHJZ9MNYkXhJ IpzTMiMwK7SRIaW/Q6OZnyZEq4AloKU97Uyrpc3e5HX7Lc3toPDpyrgyCCb+x0VnZUwqHvMmO6ZJ8qW FVz0xdAxUwDlnkuT5BB6xp8vm4WgghJBJugpY4ZMUpIgUo64VbyK39IBaFpyk3j0ZxUNTGFVDBQMkhR bUW75hDVFOETJuQcP4CFnppI0e9nQjvhKYMRG1nIM4GeNgB+DpCZoxBnppTVCGA7s4VaIeQ9lASxAm2 ALpb5RKIPpoXtRocZYlpP5mqNaaNsfwzbS4BZ1cuz0D4Oxtbauu2xcWKt2nAJ1ZhNoLqU85l5SlnWwd 9gEAwGY8gNvxUU3IdyKG3qBLg4CbhN8LHt0umUM53Tq30hXWGEyUw3BdcJ+tJWK+Ol0iuuQInAnzQlW 4qh6gz1v9bY5dlgd9yaB9bEHHw4V5HVEBoNxDTE8AGDngJsbvVzTXNDRrI0BAXgNNpcJ0YvwqYXnU6 lF8h8T399WNWuEVe39Ml/X6t6F02XiDA6Sc1dt0XTY4pB0Rxtm7MXoT/8AYhv9gx818ZgimKhbpO505 o4RsXbq7tuM9SsmGGLrjW9PN2OXMMocCVrfFgetm4AUHr6b6ZXN4LR+hiXEv0475Kt8zHeILvXyDbZu l8yjoa6AaXXWiQYQnR37yFprR4Qp0XAWTpUU1libIHZLAEw2//tpTsj8olT27JbNdq5VVt6225kVgAM 7BIPYNjSvDJUq2vby3ttuXs47ai/2RNrMHIuXZBbw67+8FGOIrk4ZBFzE1fGDSFa4txqnb5GeAbomOr dGxGQEB7XkXHT101nW03W0mC89Kub8Ds24X3RwE2iRrZ7QHp5bMXsAPs/mQTLNY3kRp6lM5uTlM30NA qFUbekpjC2LBeFQJtedPaZ23dNy3SojkCYYA6nDi898xICIrUxZqV8AdsM/i3MoRvXHQ1uCa/pacejr l536J9jzScNNMCxLA2pg+xqNnKBGYd+UBhundIT8Dqwm+eKdHTd9nvY7Gt2DgRBUDUpdKlvSJrQcmLf NIEkYd5clWnvFWtLsSJsY5tnHc7W8giDmyuMZeJepVpWxyB2G3b2NUDFq4V9Y27HiBk/Exlj1IQafYo RUiJIjKGIidQ9VMuizzVGvMNcS/brLnfuti2L1/RISPQQ/O+Oiq97GDTOrA6rHthendLOFZdbK298cE N2+aYpzUD0ffwzEJx99T+/2BvvfLkT/HRzEG65fwq8i95H3hVvywu8z73Qe+g98va8xPvZ+9X7zft9 45eNPzb+3PjLib52obnzodf7bPz9D4Bnc6k=</latexit><latexit sha1_base64="nauqv9hwnTJQxWH8nW Ae2TZ5kak=">AAANDXiclVfdbtxEFHb5LW6AFi4R0tDtigQ16XpTFShtZUqRygVQpKatFKfR2B7vjmL PrDyzSbaWr3gBXoNbkLhC3PIMfRu+mbF37WQLYqXsjmfOnN/vfMeJZzlXejR6eeG119948623L77jX9 p49733L1/54ImS8zJhe4nMZfksporlXLA9zXXOns1KRos4Z0/jo2/M+dNjViouxWO9mLGDgk4Ez3hCN bYOL38caXaqVVYJKWZGTmkmEkYKmbK8Prw8GO2M7IecXwTNYuA1n0eHVy69jFKZzAsmdJJTpfaD0Uwf VLTUPMlZ7UdzxWY0OaITto+loAVTB5WNoyZD7KQkkyX+hCZ2t3ujooVSiyKGZEH1VJ09M5vrzvbnOv vioOJiNjfROUPZPCdaEpMUkvKSJTpfYEGTksNXkkxpSRONlPSsOE97W3FR+370gCHekn0P2z8ikVTLs orURNSV+YKAYCeJLAoq0iq6P+N1VUVxUUVY1XCIPOBqltMFwQbhgtyXeeqvjc+PCnrEKCqt4Z0f4TdS 9JiF5pQmCTIfrZZdu59FPAsVF5Oc7e8eVEOfkEgxHcvTUTTFd3Wt6ty8Otq9Na4GQV0/f3it7giPXyk cHbFSoN69SzxLeRFN9eguvsZksBuxXDEyGEcZx3ntDx9PGYlpSU54npPYYO8YMDC1wUHJJ1NN4gWhZE rzjMiMwG6ShMYWvU5OpjyZEq6AlsKUN7WyLle3+9GXLLe39oMD5+ogiOAbO52VHZVw6LvMmC7ZpwpW1 dz0BVAx04BlnssTZNC6Bp+vm4UgQhLBJmipY0aMElKgkk64lfzKH1JBaJpy03g0J1VNTCEVDJQMUlRb 0a45RDVF+IQJOccPYKGnJlL0+5nQTnjKYMRGFvJMoKcNgJ8DZOYoxJkpZTUC2M5soVYIeQ8lQaxAG6C LZT6R6INpYbvRYYaY1pO5WmPaKNsfw/YSYFb18iy0j4OxtbZue2ycWKs2XEI1ZhOoLuV8Zp5SlnXwNx gEg8EYcsNvBQX3oRxKmzoBLk4CbhN8bLt0OuVM5/RqX0hXGGEy003BdYK+tNXKeKn0iitQIvAnTcmmY qg6Q/23Grs8G+yOW/PAmpiDD+cqshpCo4GYhhg+YNBTgM2tfq5pbshIloagAJxGm+vE6EXY9KLTqfQ Cme/prw+r2jXi6pY++e9rVe+i6RIRRiepueu2aHpMMSiao21z9iL0hz8A8c2ege/aGExRLNRtMndaE8 eoeHt1122GmhUzbNG1ppen25FrGAWuZI0Py8PWDQBKT//N9OpGMFof41KiH+ddsnk+xhtkd4tsk837J eNoqBtQutUiwRCiu3sPSWv1gDgtAs7SoZrKEmMLzGYJgNn+by/dGZFPnNqW3arRzq3a0tt2I7MCYGCX eADDluaVoVpd217ea8vdw2lH/c2eWIORc+mC3Bp29YePchTJxSGLmJu4Mm4I0RLnZuv0FuEZoGOqd29 EQEJ4XEfGTV83nW01WUuD8dKvbsLv2IT3RQM3iRrZ7gHp5bEVswPs/2QSLNc0kht5ls5sTlI209MoFE bdkprC2LJcFAJtetHZZ27fNS3ToToCYYI5nDq89MxLCIjUxpiV8gVsM/i3MIduXHc0uCW8pqcdj7p63 aF/jjWfNNAAx7I0pA6yq9nIBWYc+kFhuHVKT8DrwG6eK9LRddvvYbOv2TkQBEHVpNClviFpQsuJfdME koR5c1WmvVesLcWKsI1tnnU4W8sjDG6uMJaJe5VqWR2D2G3Y2dcAFa8W9o25HSNm/ExkjFETavQpRki JIDGGIiZS91Atiz7XGPEOcy3Zr7vcudu2LF7TIyHRQ/C/Oyq+7mHQOLM6rHpge3VKO1dcbq288cEN2e WbpjQD0ffxz0Bw9tX//GJvvPPlTvDTzUG42fxXcNH7yLvqbXqB97kXeg+9R96el3g/e796v3m/b/yy 8cfGnxt/OdHXLjR3PvR6n42//wGhS3NZ</latexit>
↵ = H(↵12,↵21)
<latexit sha1_base64="9GZBVY b/PVBMw6oTFBgayz45d48=">AAANHniclVfdbtxEFHbLX3EDpHDJzdDt igQl6XpTFShtZUqRygVQpKatFKfR2B6vR7HHK89sNlvLb8EL8BrcgsQV 4pa+Dd/M2Lt2sgWxUnbHM2fO73e+44TTjEs1Gr26dPmNN996+50r77pX N957/4PNax8+lcWsjNhBVGRF+TykkmVcsAPFVcaeT0tG8zBjz8KTb/T5 s1NWSl6IJ2oxZUc5nQie8IgqbB1v7gU5ValMqoBm05SSe+TRll0eV964 3iHtw9irt2v3eHMw2huZD7m48JrFwN90zOfx8bWrr4K4iGY5EyrKqJSH 3miqjipaKh5lrHaDmWRTGp3QCTvEUtCcyaPKBFaTIXZikhQl/oQiZrd7 o6K5lIs8hKQJ4/yZ3lx3djhTyRdHFRfTmWIisoaSWUZUQXSWSMxLFql sgQWNSg5fSZTSkkYKuexZsZ72tsK8dt3gIUO8Jfsetn+cspKqoqwCORF 1pb8gINg8KvKcirgKHkx5XVVBmFcBVjUcIg+5nGZ0QbBBuCAPiix218b nooQnjKL0Ct65AX4DSU+Zr09pFCHzwWrZtftZwBNfcjHJ2OH+UTV0CQk kU2FxNgpSfFc3qs7N66P92+Nq4NX1i0c36o7w+LXCwQkrBerdu8STmOd Bqkb38DUmg/2AZZKRwThIOM5rd/gkZSSkJZnzLCMhI3lxChjo2uCg5JN UkXBBKElplpAiIbAbRb62RXfIPOVRSrgEWnJd3tjI2lzd6UdfsszcOvS OrKsDL4Bv7GxadlTCoe8Sbbpkn0pYlTOUUwIVUwVYZlkxRwaNa/B5Ry 8EEQURbIIeO2VEKyE5KmmFW8mv3CEVhMYx151IM1LVRBdSwkDJIEWVEe 2aQ1QpwidMFDP8ABYq1ZGCAM6FNucxgxETmc8Twc6UBvALgEwf+TjTpa xGANu5LdQKIR+gJIgVaAN0scwmBfogzU03WswQ3XpFJteY1soOx7C9BJ hRvTzzzeNgbKyt2x5rJ9aq9ZdQDdkEqstiNtVPMUs6+BsMvMFgDLnht4 KCDFEOqXSdABcrAbcJPqZdOp1yrnN6tc8LWxihM9NNwQ5BX5pqJbyUas UVKJFUjMZkSzJUnaH+241dngz2x615YE3MwIczGRgNvtZAdEMMHzLoyU HvRj9XNNNkVJSaoACcRpvtxOCl3/Si1SnVApnv6a+Pq9o24uqWmv/3ta p3UXeJ8IN5rO/aLRqfUhGx5mhXn7303eEPQHyzp+G7NgZdFAN1k8y91 sQpKt5e3bebvmL5FFt0renl6W5gG0aCK1njw/KwdQOAUum/mV7d8EbrY 1xK9OO8R7YuxniT7G+TXbL1oGQcDXUTSrdbJGhCtHfvI2mtHhCnQcB5O pRpUWJsgdkMATDT/+2luyPyiVXbsls12rtdG3rbbWRWAPTMEg9g2FK/Q 1Sra7vLe225ezjtqL/VE2swciFdkFvDru7wcYYi2TiKPOQ6roRrQjTEu dU6vU14Aujo6t0fEZAQHteRcdPXTWcbTcbSYLz0q5vwuybhfVHPTqJGt ntAenlsxcwA+z+ZBMs1jWRHnqEzk5OYTVUa+EKrW1KTHxqWC3ygTS06+ 8zu26ZlypcnIEwwh1WHl55ZCQERmxiTsngJ2wz+LfShHdcdDXYJr+lZ x6OuXnvoXmDNpw00wLEs9qmF7Go2coEZh36QGG6d0hPwOrCbZZJ0dN1x e9jsa7YOeJ5XNSm0qW9ImtByYt40gSQh8fIsdXuvWLsQK8LWtnnS4WxV nGBwc4mxTOyrVMvqGMR2w8y+Bqh4tTCv0O0Y0eNnUoQYNb5Cn2KElAgS YyhgIrYP1bLoM4URbzHXkv26y527bcvivT0QBXoI/ndHxdc9DGpnVodV D2yvT2nnis2tkdc+2CG7fNMs9EB09T8D3vlX/4uLg/Hel3veT7cG/g37 T4FzxfnYue5sOZ7zueM7j5zHzoETOT87vzq/Ob9v/LLxx8afG39Z0cuX mjsfOb3Pxt//AAeoeBk=</latexit><latexit sha1_base64="9GZBVY b/PVBMw6oTFBgayz45d48=">AAANHniclVfdbtxEFHbLX3EDpHDJzdDt igQl6XpTFShtZUqRygVQpKatFKfR2B6vR7HHK89sNlvLb8EL8BrcgsQV 4pa+Dd/M2Lt2sgWxUnbHM2fO73e+44TTjEs1Gr26dPmNN996+50r77pX N957/4PNax8+lcWsjNhBVGRF+TykkmVcsAPFVcaeT0tG8zBjz8KTb/T5 s1NWSl6IJ2oxZUc5nQie8IgqbB1v7gU5ValMqoBm05SSe+TRll0eV964 3iHtw9irt2v3eHMw2huZD7m48JrFwN90zOfx8bWrr4K4iGY5EyrKqJSH 3miqjipaKh5lrHaDmWRTGp3QCTvEUtCcyaPKBFaTIXZikhQl/oQiZrd7 o6K5lIs8hKQJ4/yZ3lx3djhTyRdHFRfTmWIisoaSWUZUQXSWSMxLFql sgQWNSg5fSZTSkkYKuexZsZ72tsK8dt3gIUO8Jfsetn+cspKqoqwCORF 1pb8gINg8KvKcirgKHkx5XVVBmFcBVjUcIg+5nGZ0QbBBuCAPiix218b nooQnjKL0Ct65AX4DSU+Zr09pFCHzwWrZtftZwBNfcjHJ2OH+UTV0CQk kU2FxNgpSfFc3qs7N66P92+Nq4NX1i0c36o7w+LXCwQkrBerdu8STmOd Bqkb38DUmg/2AZZKRwThIOM5rd/gkZSSkJZnzLCMhI3lxChjo2uCg5JN UkXBBKElplpAiIbAbRb62RXfIPOVRSrgEWnJd3tjI2lzd6UdfsszcOvS OrKsDL4Bv7GxadlTCoe8Sbbpkn0pYlTOUUwIVUwVYZlkxRwaNa/B5Ry 8EEQURbIIeO2VEKyE5KmmFW8mv3CEVhMYx151IM1LVRBdSwkDJIEWVEe 2aQ1QpwidMFDP8ABYq1ZGCAM6FNucxgxETmc8Twc6UBvALgEwf+TjTpa xGANu5LdQKIR+gJIgVaAN0scwmBfogzU03WswQ3XpFJteY1soOx7C9BJ hRvTzzzeNgbKyt2x5rJ9aq9ZdQDdkEqstiNtVPMUs6+BsMvMFgDLnht4 KCDFEOqXSdABcrAbcJPqZdOp1yrnN6tc8LWxihM9NNwQ5BX5pqJbyUas UVKJFUjMZkSzJUnaH+241dngz2x615YE3MwIczGRgNvtZAdEMMHzLoyU HvRj9XNNNkVJSaoACcRpvtxOCl3/Si1SnVApnv6a+Pq9o24uqWmv/3ta p3UXeJ8IN5rO/aLRqfUhGx5mhXn7303eEPQHyzp+G7NgZdFAN1k8y91 sQpKt5e3bebvmL5FFt0renl6W5gG0aCK1njw/KwdQOAUum/mV7d8EbrY 1xK9OO8R7YuxniT7G+TXbL1oGQcDXUTSrdbJGhCtHfvI2mtHhCnQcB5O pRpUWJsgdkMATDT/+2luyPyiVXbsls12rtdG3rbbWRWAPTMEg9g2FK/Q 1Sra7vLe225ezjtqL/VE2swciFdkFvDru7wcYYi2TiKPOQ6roRrQjTEu dU6vU14Aujo6t0fEZAQHteRcdPXTWcbTcbSYLz0q5vwuybhfVHPTqJGt ntAenlsxcwA+z+ZBMs1jWRHnqEzk5OYTVUa+EKrW1KTHxqWC3ygTS06+ 8zu26ZlypcnIEwwh1WHl55ZCQERmxiTsngJ2wz+LfShHdcdDXYJr+lZ x6OuXnvoXmDNpw00wLEs9qmF7Go2coEZh36QGG6d0hPwOrCbZZJ0dN1x e9jsa7YOeJ5XNSm0qW9ImtByYt40gSQh8fIsdXuvWLsQK8LWtnnS4WxV nGBwc4mxTOyrVMvqGMR2w8y+Bqh4tTCv0O0Y0eNnUoQYNb5Cn2KElAgS YyhgIrYP1bLoM4URbzHXkv26y527bcvivT0QBXoI/ndHxdc9DGpnVodV D2yvT2nnis2tkdc+2CG7fNMs9EB09T8D3vlX/4uLg/Hel3veT7cG/g37 T4FzxfnYue5sOZ7zueM7j5zHzoETOT87vzq/Ob9v/LLxx8afG39Z0cuX mjsfOb3Pxt//AAeoeBk=</latexit><latexit sha1_base64="9GZBVY b/PVBMw6oTFBgayz45d48=">AAANHniclVfdbtxEFHbLX3EDpHDJzdDt igQl6XpTFShtZUqRygVQpKatFKfR2B6vR7HHK89sNlvLb8EL8BrcgsQV 4pa+Dd/M2Lt2sgWxUnbHM2fO73e+44TTjEs1Gr26dPmNN996+50r77pX N957/4PNax8+lcWsjNhBVGRF+TykkmVcsAPFVcaeT0tG8zBjz8KTb/T5 s1NWSl6IJ2oxZUc5nQie8IgqbB1v7gU5ValMqoBm05SSe+TRll0eV964 3iHtw9irt2v3eHMw2huZD7m48JrFwN90zOfx8bWrr4K4iGY5EyrKqJSH 3miqjipaKh5lrHaDmWRTGp3QCTvEUtCcyaPKBFaTIXZikhQl/oQiZrd7 o6K5lIs8hKQJ4/yZ3lx3djhTyRdHFRfTmWIisoaSWUZUQXSWSMxLFql sgQWNSg5fSZTSkkYKuexZsZ72tsK8dt3gIUO8Jfsetn+cspKqoqwCORF 1pb8gINg8KvKcirgKHkx5XVVBmFcBVjUcIg+5nGZ0QbBBuCAPiix218b nooQnjKL0Ct65AX4DSU+Zr09pFCHzwWrZtftZwBNfcjHJ2OH+UTV0CQk kU2FxNgpSfFc3qs7N66P92+Nq4NX1i0c36o7w+LXCwQkrBerdu8STmOd Bqkb38DUmg/2AZZKRwThIOM5rd/gkZSSkJZnzLCMhI3lxChjo2uCg5JN UkXBBKElplpAiIbAbRb62RXfIPOVRSrgEWnJd3tjI2lzd6UdfsszcOvS OrKsDL4Bv7GxadlTCoe8Sbbpkn0pYlTOUUwIVUwVYZlkxRwaNa/B5Ry 8EEQURbIIeO2VEKyE5KmmFW8mv3CEVhMYx151IM1LVRBdSwkDJIEWVEe 2aQ1QpwidMFDP8ABYq1ZGCAM6FNucxgxETmc8Twc6UBvALgEwf+TjTpa xGANu5LdQKIR+gJIgVaAN0scwmBfogzU03WswQ3XpFJteY1soOx7C9BJ hRvTzzzeNgbKyt2x5rJ9aq9ZdQDdkEqstiNtVPMUs6+BsMvMFgDLnht4 KCDFEOqXSdABcrAbcJPqZdOp1yrnN6tc8LWxihM9NNwQ5BX5pqJbyUas UVKJFUjMZkSzJUnaH+241dngz2x615YE3MwIczGRgNvtZAdEMMHzLoyU HvRj9XNNNkVJSaoACcRpvtxOCl3/Si1SnVApnv6a+Pq9o24uqWmv/3ta p3UXeJ8IN5rO/aLRqfUhGx5mhXn7303eEPQHyzp+G7NgZdFAN1k8y91 sQpKt5e3bebvmL5FFt0renl6W5gG0aCK1njw/KwdQOAUum/mV7d8EbrY 1xK9OO8R7YuxniT7G+TXbL1oGQcDXUTSrdbJGhCtHfvI2mtHhCnQcB5O pRpUWJsgdkMATDT/+2luyPyiVXbsls12rtdG3rbbWRWAPTMEg9g2FK/Q 1Sra7vLe225ezjtqL/VE2swciFdkFvDru7wcYYi2TiKPOQ6roRrQjTEu dU6vU14Aujo6t0fEZAQHteRcdPXTWcbTcbSYLz0q5vwuybhfVHPTqJGt ntAenlsxcwA+z+ZBMs1jWRHnqEzk5OYTVUa+EKrW1KTHxqWC3ygTS06+ 8zu26ZlypcnIEwwh1WHl55ZCQERmxiTsngJ2wz+LfShHdcdDXYJr+lZ x6OuXnvoXmDNpw00wLEs9qmF7Go2coEZh36QGG6d0hPwOrCbZZJ0dN1x e9jsa7YOeJ5XNSm0qW9ImtByYt40gSQh8fIsdXuvWLsQK8LWtnnS4WxV nGBwc4mxTOyrVMvqGMR2w8y+Bqh4tTCv0O0Y0eNnUoQYNb5Cn2KElAgS YyhgIrYP1bLoM4URbzHXkv26y527bcvivT0QBXoI/ndHxdc9DGpnVodV D2yvT2nnis2tkdc+2CG7fNMs9EB09T8D3vlX/4uLg/Hel3veT7cG/g37 T4FzxfnYue5sOZ7zueM7j5zHzoETOT87vzq/Ob9v/LLxx8afG39Z0cuX mjsfOb3Pxt//AAeoeBk=</latexit><latexit sha1_base64="iVKcft pen8iFgtkHWnBKtc2dDOw=">AAANHniclVfdbtxEFHbLX3EDtHDJzdDt igQl6XpTFShtZUqRygVQpKatFKfR2B6vR7HHlmc26dbyW/ACvAa3IHGF uKVvwzcz9q6dbEGslN3xzJnz+53vOGGZcakmk1cXLr7x5ltvv3PpXffy xnvvf3Dl6odPZDGvIrYfFVlRPQupZBkXbF9xlbFnZcVoHmbsaXj8jT5/ esIqyQvxWC1KdpjTmeAJj6jC1tGV3SCnKpVJHdCsTCm5Sx5u2uVR7U2b bdI9TL1mq3GProwmuxPzIecXXrsYOe3n0dHVy6+CuIjmORMqyqiUB96k VIc1rRSPMta4wVyykkbHdMYOsBQ0Z/KwNoE1ZIydmCRFhT+hiNnt36hp LuUiDyFpwjh7pjfXnR3MVfLFYc1FOVdMRNZQMs+IKojOEol5xSKVLbC gUcXhK4lSWtFIIZcDK9bTwVaYN64bPGCIt2Lfw/aPJauoKqo6kDPR1Po LAoKdRkWeUxHXwf2SN3UdhHkdYNXAIfKAyzKjC4INwgW5X2SxuzY+FyU 8ZhSlV/DODfAbSHrCfH1KowiZD1bLvt3PAp74kotZxg72DuuxS0ggmQq LF5MgxXd9ve7dvDbZuzWtR17TPH94vekJT18rHByzSqDeg0s8iXkepGp yF19TMtoLWCYZGU2DhOO8ccePU0ZCWpFTnmUkZCQvTgADXRscVHyWKhI uCCUpzRJSJAR2o8jXtug2OU15lBIugZZclzc2sjZXt4fRVywztw68Q+v qyAvgG3tRVj2VcOi7RJuu2KcSVuUc5ZRARakAyywrTpFB4xp83tYLQU RBBJuhx04Y0UpIjkpa4U7yK3dMBaFxzHUn0ozUDdGFlDBQMUhRZUT75h BVivAJE8UcP4CFSnWkIIAzoZ3ymMGIiczniWAvlAbwc4BMH/k406WsJw DbmS3UCiHvoySIFWgDdLHMZgX6IM1NN1rMEN16RSbXmNbKDqawvQSYUb 08883jaGqsrdueaifWqvWXUA3ZDKqrYl7qp5glPfyNRt5oNIXc+FtBQY Yoh1S6ToCLlYDbBB/TLr1OOdM5g9rnhS2M0Jnpp2CboC9NtRJeSbXiCp RIKkZjsikZqs5Q/63WLk9Ge9POPLAm5uDDuQyMBl9rILohxg8Y9OSgd6 OfK5ppMioqTVAATqvNdmLw0m970eqUaoHMD/Q3R3VjG3F1S53+97V6cF F3ifCD01jftVs0PqEiYu3Rjj576bvjH4D4dk/Dd20MuigG6iaZu52JE 1S8u7pnN33F8hJbdK3p5elOYBtGgitZ68PysHMDgFLpv5le3fAm62NcS gzjvEs2z8d4g+xtkR2yeb9iHA11A0q3OiRoQrR37yFpnR4Qp0HAWTqUa VFhbIHZDAEw0//dpTsT8olV27FbPdm91Rh622llVgD0zBIPYNhKv0PUq 2s7y3tduQc47am/ORBrMXIuXZBbw67u+FGGItk4ijzkOq6Ea0I0xLnZO b1FeALo6OrdmxCQEB7XkXHb121nG03G0mi69Kuf8Dsm4UNRz06iVrZ/Q AZ57MTMAPs/mQTLtY1kR56hM5OTmJUqDXyh1S2pyQ8NywU+0KYWvX1m9 23TMuXLYxAmmMOqw0vPvIKAiE2MSVW8hG0G/xb60I7rnga7hNf0Rc+j vl576J5jzSctNMCxLPaphexqNnKBGYd+kBhuvdIT8Dqwm2WS9HTddgfY HGq2DnieV7cptKlvSZrQambeNIEkIfHyLHV7r1i7ECvC1rZ50uNsVRxj cHOJsUzsq1TH6hjEdsPMvhaoeLUwr9DdGNHjZ1aEGDW+Qp9ihFQIEmMo YCK2D/Wy6HOFEW8x15H9usu9u13L4r09EAV6CP73R8XXAwxqZ1aH9QBs r09p74rNrZHXPtghu3zTLPRAdPU/A97ZV//zi/3p7pe73k83R/719r+C S87HzjVn0/Gczx3feeg8cvadyPnZ+dX5zfl945eNPzb+3PjLil680N75 yBl8Nv7+ByiMd8k=</latexit>
↵21
`1 `2
m1 m2
`1 `2
m1 m2
FIG. 3: Derivation of Feynman’s symmetrization procedure
for two identical localized events. Position measurements at
times t1 and t2 yield outcomes `1, `2 and m1,m2, respec-
tively. Two models—a persistence model and a nonpersis-
tence model—of this data are constructed. (i) Left: Accord-
ing to the persistence model, persistent ‘particles’ are re-
sponsible for the individual detections. The figures on the
left show the transitions of two identical particles compati-
ble with these outcomes according to this model: the ‘direct’
transition of amplitude α12, and the ‘indirect’ transition of
amplitude α21. (ii) Right: In the nonpersistence model, it is
meaningless to say that a given detection at t2 was caused by
the same thing as given detection at t1. Accordingly, the fig-
ure on the right shows the only transition amplitude, α, that
one can meaningfully assign according to this model. The
operational indistinguishability postulate (OIP) posits the re-
lation α = H(α12, α21) between the amplitudes in these mod-
els, where H is a complex-valued function to be determined.
In Ref. [16], it is shown that α = α12 ± α21, with the sign
corresponding to bosonic or fermionic behaviour.
where H is an unknown continuous complex-valued func-
tion to be determined.
The OIP also applies to the case where one has obser-
vations at three successive times, t1, t2 and t3. In that
case, the persistence model has two possible transitions
between times t1 and t2, with amplitudes γ11, γ12, and
two possible transitions between times t2 and t3, with
amplitudes γ21, and γ22. The generalization of Eq. (1)
thus reads
γ = G(γ11, γ12, γ21, γ22), (2)
where γ is the transition amplitude in the nonpersistence
model, and G is a function to be determined.
We now incorporate the fact that there are situations
in which we commonly say that the particle observed now
is the ‘same’ as one previously observed via an isolation
condition. This condition stipulates that, in the limiting
case that isolation obtain for one of more of the identical
particles in a given system, they can be treated as a per-
sistent subsystem for the purpose of making predictions.
6For example, if the electron in a hydrogen atom is effec-
tively isolated from all other electrons in a given system,
then we can infer that the same electron is responsible for
the successive electron-detections in the atom. One can
accordingly apply the quantum formalism to this elec-
tron as if it were a (persistent) system. Formally, for the
case of two identical events, the isolation condition re-
quires that the transition probability |H(α12, α21)|2 is the
same as the probability of the persistence-model transi-
tion that has non-zero probability. For example, if the di-
rect transition is the one with non-zero probability, then
|H(α12, 0)|2 = |α12|2. (3)
From the assumptions above, Feynman’s symmetriza-
tion procedure can be derived [16]. The key idea behind
the derivation is the recognition that the amplitude for a
particular process in the nonpersistence model can some-
times be computed in two different ways, and, in these
instances, consistency of the assumptions implies that
these calculational paths must agree. Each such call for
consistency leads to a functional equation. For example,
one obtains
G(α12β12, α12β21, α21β12, α21β21) =
H(α12, α21)H(β12, β21). (4)
Solution of these functional equations yields
α = α12 ± α21, (5)
where the ± sign corresponds to bosonic or fermionic
behavior. This is Feynman’s symmetrization rule for
two particles. The above derivation generalizes naturally
to N identical particles.
B. Probabilistic Reidentifiability
If one of the transition probabilities |α12|2 or |α21|2 is
much smaller than the other, then the transition proba-
bility |H(α12, α21)|2 approximates to the largest of these
probabilities. In that case, one can treat the observa-
tional data as a probabilistic version of the persistence
model, so that one has probabilistic reidentifiability of
the particles. Such a situation obtains, for example, for
two electrons in the field of view of a particle chamber,
where we can roughly say that the each electron travels
along its own ‘track’, even though there is a finite prob-
ability (as computed using the persistence model) of the
electrons ‘swapping’ between tracks.
C. State representation of the symmetrization
procedure
The amplitude-based symmetrization procedure given
above can be re-expressed in terms of states and ob-
servables, a more familiar arena for the description of
quantum phenomena. Such a re-expression also facili-
tates a direct comparison with Dirac’s symmetrization
procedure. Here we summarize the main ideas, referring
the reader to [16, 17] for details. To illustrate the key
ideas, it suffices to consider two particles moving in one
dimension. In that case, one can re-express Eq. (1) in
terms of states as
ψID(x1, x2) = ψ(x1, x2)± ψ(x2, x1) x1 ≤ x2. (6)
The function ψID on the left-hand side is the state in
the nonpersistence model. It is defined over location-
space (or reduced configuration space), namely x1 ≤ x2,
and is normalized over that space. The function ψ on the
right-hand side is a state in the persistence model, and
is defined over all R2. The above relation is to be under-
stood as a connection between these two models—it is a
means of taking states from the persistence model over
to the nonpersistence model. Consequently, this rela-
tion requires careful reading as xi has a different physical
meaning on each side of the equation. On the right, the
first argument of ψ is the x-location of particle 1, and
the second that of particle 2. However, on the left, x1
is the location of the leftmost particle-like detection, not
the x-location of particle 1.
To determine the evolution of the state in the nonper-
sistence model, one evolves the corresponding state in the
persistence model using a Hamiltonian that is symmetric
in the particle labels, and then applies the above relation.
The symmetry of the Hamiltonian reflects the fact that
energy does not depend on how identical particles are la-
belled in the persistence model. Operators corresponding
to observable quantities are defined in the nonpersistence
model. For example, the operator x1 denotes the x-value
of the left-most particle, whilst (x2 − x1) denotes the
inter-particle distance. Note that there is no restriction
to symmetric observables in the nonpersistence model.
If isolation obtains, then the above observables gain
additional meaning. For example, if the two particles (as
viewed in the persistence model) are confined to dis-
joint regions on the left and right sides, then α reduces
to α12. Further, owing to the isolation between the parti-
cles, the surviving amplitude can be written as a product
of two amplitudes, one related to each particle. Thus,
in the state formulation, ψID(x1, x2) = φa(x1)φb(x2),
where φa, φb can be viewed as one-particle states of la-
belled particles which have no common support. Under
these circumstances, the observable x1 in the nonpersis-
tence model, which by default is the x-location of the
left-most particle, gains the additional meaning of the x-
location of particle 1. Thus, in this limiting case, one re-
covers reidentifiability, and one has justification to model
each of the particles as a distinct entity without regard for
the other. Note that such a recovery of reidentifiability is
not possible within Dirac’s symmetrization procedure—
two identical particles remain in a symmetrized state ir-
respective of their ostensible isolation, which implies that
they have the same reduced state and that each is equally
likely to be found in one location or the other (see, for
7instance, [10–12]).
For convenience, one can formally extend ψID(x1, x2) to
the entire configuration space, to obtain state ψ˜ID(x1, x2),
in terms of which one can rewrite the above equation as
ψ˜ID(x1, x2) =
1√
2
[
ψ(x1, x2)± ψ(x2, x1)
]
, (7)
where now x1, x2 range over R2. Such a formal extension
is useful in the sense that now ψ˜ID and ψ are both de-
fined over R2 and both formally live in the same space (a
tensor product of two labelled copies of a one-particle
Hilbert space). However, the formal extension makes the
reading of the labels more complicated: although x1, x2
on the right hand side are particle labels as before, x1
on the left is the location of the leftmost particle when-
ever x1 ≤ x2, but the location of the rightmost when-
ever x1 > x2. A relation resembling the one above is
commonly used in the practical application of Dirac’s
symmetrization procedure in order to generate a sym-
metrized state from a product state. However, in that
case, the product and symmetrized states are both inter-
preted in the same model.
III. COMPLEMENTARITY OF PERSISTENCE
AND NONPERSISTENCE
As formulated by Bohr, complementarity expresses a
view about the kind of theoretical models that one can
formulate about microphysical physical phenomena [19,
20]. Its key features are as follows.
1. Need for two incompatible models. The adequate
description of a particular domain of physical phe-
nomena requires two distinct models. These mod-
els are mutually incompatible in the sense that one
cannot consistently apply all of the concepts of both
to a given physical situation.
2. Synthesis of models. These two models can be syn-
thesized through the addition of new ideas and
assumptions, with the synthetic model describing
behaviour that in some sense interpolates between
that permitted by the original models.
3. Non-unification. The concepts of at least one of
the original models form an integral part of the
synthetic model. Hence, the original models are
synthesized, but not unified into a new conceptual
structure.
A. Wave & Particle
We illustrate the three key features of complementarity
via Bohr’s paradigmatic example of the wave and particle
models of the electron.
First, according to the particle model, the electron is a
point-like entity that has a definite position at each time.
In contrast, the wave model treats the electron as a de-
localized wave-like object1. Each of these models paints
a clear, visualizable conception of the electron, but are
manifestly incompatible—an electron cannot simultane-
ously be a localized point-like object and a delocalized
object. Yet, the need for both models is made plausible
by experimental phenomena (such as diffraction) associ-
ated with electrons.
Second, the synthesis of these models was first pro-
posed by de Broglie in his composite wave-particle model
of the electron, with Schroedinger’s wave mechanics its
successful culmination. The latter synthesis introduces
the novel concept of a wavefunction, which allows be-
haviour that is, in some sense, intermediate between wave
and particle—a wave-packet may exhibit particle-like or
wave-like behaviour, depending upon the size of the aper-
ture through which it passes.
Third, the synthetic model does not unify the parti-
cle and wave models since it makes essential use of the
particle model, in three distinct senses. First, the wave
equation is obtained via a quantization of the classical
particle model of the system. Second, the notion of a
position measurement (in the Born rule) is a reference
to the particle model. Its abstraction—a ‘measurement
outcome’—in the Dirac–von Neumann quantum formal-
ism similarly corresponds to the notion of particle local-
ization in space and time. Third, the particle model is
essential to the demarcation of the phenomenon to which
we refer as ‘an experiment’, and to the interpretation of
experimental data. For example, in an experiment where
we say that electrons are emitted by a filament, diffracted
through a crystal, and detected as scintillations on a
screen, the emission and detection events are localized
events that are interpreted within the particle model as
‘measurements of position’. These events thereby book-
end the phenomenon to which we refer as ‘an experi-
ment’. In this sense, the particle model serves as the
portal through which the wave model manifests itself—
the wave-like behavior of an electron is only indirectly
manifested through the pattern generated by localized
detections over many runs of the experiment.
B. Persistence & Nonpersistence
Wave–particle complementarity suggests that the as-
sumption of continuous localization, a notion extrapo-
lated from everyday perception, does not enjoy absolute
1 In classical physics, one typically regards a ‘wave’ (such as a
water wave, or a wave on a string) as underpinned by local dis-
turbances over a region of space. In such cases, ‘wave’ is merely
a collective noun that refers to a set of synchronized local dis-
turbances, and so has no fundamental existence in and of itself.
However, in the wave model of an electron, such an underpinning
is not presumed, so that ‘wave’ is taken to refer to an unanalyzed,
delocalized object.
8validity in the microscopic realm. We propose that the
assumption of persistence is similarly restricted in its va-
lidity. Furthermore, we propose that the understand-
ing of identical particle-like events requires a synthesis of
complementary persistence and nonpersistence models,
analogous to the way that localization (‘particle’) and
delocalization (‘wave’) models need to be combined in
order to understand individual microscopic entities.
Our proposal is based on the following considerations.
First, through an operational analysis of an experiment in
which identical particle-like events are registered at each
instant (Sec. I), we have seen that one can construct two
distinct models. One of these assumes that successive
detections are underpinned by persistent underlying en-
tities (‘particles’), whilst the other assumes that no such
entities exist, but rather that the events at each instant
are the manifestation of a single abstract ‘system’.
Second, we have demonstrated that these models can
be synthesized to derive a quantum symmetrization pro-
cedure for describing the behaviour of a system of identi-
cal particle-like events. This derivation not only places a
formally ad hoc formal procedure on a clear operational
and logical foundation, but also naturally resolves the dif-
ficulty in reconciling the assertion that identical particles
are nonpersistent or not reidentifiable with their manifest
reidentifiability in particular situations (Sec. II B).
Third, we assert that persistence and nonpersistence
are complementary descriptions of identical particle-like
events on the ground that the persistence and nonper-
sistence models satisfy the three key features of comple-
mentarity, as follows.
First, these two models are mutually exclusive in
the sense that they make contradictory assumptions
about whether or not successive individual detections
are underpinned by individual persistent entities. Con-
sequently, the statement that ‘this detection was caused
by the same object as a previous detection’ is meaningful
in the first model but not the second.
Second, despite their contradictory nature, these mod-
els can be synthesized, with the resulting model capable
of describing behaviour that spans the extremes of the
original models. For example, if an electron is sufficiently
isolated (as judged within the persistence model), then,
according to the synthetic model, it can be probabilisti-
cally reidentified. But, the synthetic model also describes
the behaviour of two electron in a helium atom, a situa-
tion in which the persistence model loses its approximate
validity.
Third, although synthesized, the original models are
not unified into a new conceptual scheme. In partic-
ular, the persistence model is needed to calculate the
amplitudes that are combined by the symmetrization
procedure. Indeed, without the aid of the persistence
model (wherein one can analyse a complex situation into
separate persistent components that interact with one
another), the calculation of a transition amplitude in the
nonpersistence model would appear to be impossible.
C. Parallel between Wave–Particle and
Persistence–Nonpersistence Complementarities
The above considerations suggest that there is a close
conceptual parallel between wave–particle and the pro-
posed persistence–nonpersistence complementarities. In
order to bring this parallel into sharper focus, we now
construct a precise formal parallel between them.
We start by noting that, in Feynman’s formulation of
quantum theory, one can regard the Feynman amplitude
sum rule as a formal encapsulation of Bohr’s notion of
wave–particle complementarity. Specifically, in the con-
text of an electron double-slit experiment, there are two
models of the electron (see Table I, first column). In
the particle model, the electron is treated as a localized,
particle-like entity that traverses one slit or the other in
its passage from the source to a given point on the screen.
In the wave model, the electron is treated as a delocal-
ized object that passes through the silts. The amplitude
sum rule posits a relationship between the amplitudes in
these two models.
Furthermore, as we have previously shown, the Feyn-
man sum rule can be derived, within a suitable opera-
tional framework, from a postulate that (roughly speak-
ing) the amplitudes of the two possible paths in the
particle-model determine the amplitude of the ‘path’ in
the wave-model [18]. In the present context, we inter-
pret this derivation as showing how Bohr’s wave–particle
complementarity can be viewed as the basis of a con-
structive derivation of the Feynman sum rule, in the same
way that we have shown that the proposed persistence–
nonpersistence complementarity provides the basis of a
derivation of Feynman’s symmetrization procedure.
As shown in the Table I, this derivation allows us to
exhibit a precise formal parallel between the two com-
plementarities. In each case, two models are synthesized.
One of these models permits an analysis of the situation
into parts—‘the electron passes through one slit or the
other slit’ or ‘the identical particles make a direct or indi-
rect transition’. This analysis allows two distinct ampli-
tudes to be defined and, in principle, calculated by mak-
ing use of the Dirac–Feynman amplitude–action quanti-
zation rule [21]. In contrast, in the other model, no such
analysis is possible—all one can say is that ‘the electron
passes through the slits’ or that ‘two identical particle-
like events occur at each of two successive times’. One
can associate a transition amplitude with such an unan-
alyzed process, but its calculation appears impossible if
one remains within the compass of this model because
no corresponding classical model exists. Although the
two models in each case are contradictory in their as-
sumptions, they can be synthesized: if one posits that
the two amplitudes in each analytic model determines
the amplitude in the corresponding non-analytic model,
it is possible to derive the form of the functional form of
the relationship between the amplitudes.
An important distinction between the two comple-
mentarities, however, deserves to be noted. As shown
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<latexit sha1_base64="W+clzQ adSXtXU3Ygj2mlegtdOGQ=">AAAM+HiclVfdjttEFHbLX3EXaOGSm6 FuxC7qbuNsVaC0lSlFKhdAkdi2Yr2txvY4Hq09jjyTzaaW34JbkLhC3 PI2fRu+mbETezcFYSnJeOb8n++cM4lmOZdqPH514eIbb7719juX3nU vb733/gdXrn74RJbzKmYHcZmX1bOISpZzwQ4UVzl7NqsYLaKcPY2Ov 9HnT09YJXkpflbLGTsq6FTwlMdUYeuXsKAqk2kdNS+ueOO9sXnI+YXf LrzgimOexy+uXn4VJmU8L5hQcU6lPPTHM3VU00rxOGeNG84lm9H4mE 7ZIZaCFkwe1cbkhoywk5C0rPARipjdPkdNCymXRQRKY+LZM7256exwr tIvjmouZnPFRGwVpfOcqJJo/0nCKxarfIkFjSsOW0mc0YrGClEaaLG WDraionHd8CGDvxX7Hrp/nLGKqrKqQzkVTa2/QCDYIi6LgoqkDh/MeF PXYVTUIVYNDCIPuZzldEmwQbggD8o8cTf65yI9x4wiqQrWuSF+Q0lP WKBPaRwj8uF62df7WcjTQHIxzdnh/lE9cgkJJVNReToOM3zX1+se57 Xx/u1J7flN8/zR9aZHPHktcXjMKoF8D5h4mvAizNT4Hr4mxNsPWS4Z8 SZhynHeuKOfM0YiWpEFz3MSMVKUJ4CBzg0OKj7NFImWhJKM5ikpUwK 9cRxoXfQGWWQ8zgiXQEuh05sYWhurO0PvK5YbrkP/yJrq+SFsY6ezqi cSBn2XatUV+1RCq5wjnRKomCnAMs/LBSJoTIPNN/RCEFESwaaonhNG tBBSIJOWuKP8yh1RQWiScF1jNCd1Q3QiJRRUDFRUGdK+OniVwX3CRDn HD2ChMu0pSvuMawueMCgxngU8FexUaQA/B8j0UYAzncp6DLCd2UKu4 PIBUgJfgTZAF8t8WqIOssJUo8UM0aVX5nKDai3scALdK4AZ0auzwLx 6E6Nt0/ZEG7FRbLCCasSmEF2V85l+S1jaw5/n+Z43Ad3oW0HR5pAOqX SeABdLAbMJHlMuvUo5UzmD3BelTYzQkemH4AZBXZpspbySat0rkCKp GE3ItmTIOkP+d1q9PPX2J516YE3M0Q/nMjQSAi2B6IIYPWSQU6BxG/l c0Vw3o7LSDQrAaaXZSgxfBm0tWplSLRH5gfzmRd3YQlxzqcV/s9UDR l0lIggXiea1WzQ5oSJm7dGuPnsZuKMfgPh2T8N3ow86KQbqJph7nYoT ZLxj3bebgWLFDFt0o+rV6W5oC0aiV7LWhtVhZwYApbJ/U73m8MebfV xRDP28R7bP+3iT7O+QXbL9oGIcBXUTQnc6JOiGaHnvI2idHDROg4Cz 7VBmZYWxhc5mGgAz9d8x3R2TT6zYrrvV473bjWlvuy3NGoC+WeIFHbb St4N6zba74uvSPcBpT/ytAVmLkXPhAt2G7uqOHudIkvWjLCKu/Uq5b oimcW53Ru8QngI6Onv3xwRNCK+bmnFb121lG0lGkzdZ2dUP+F0T8CGp bydRS9s/IIM4dmRmgP2fSKLLtYVkR55pZyYmCZupLAyEFrdqTUFkul wYAG1q2dtndt8WLVOBPEbDROew4nDpmVcgEInxMa3Kl9DNYN9SH9px3 ZNgl7CanvYs6su1h+65rvmkhQZ6LEsCaiG7no1cYMahHiSGWy/1BH0 d2M1zSXqy7rgDbA4lWwN836/bENrQt02a0GpqbppAkpC4Fktd3uuuX Yp1w9a6edrr2ao8xuDmEmOZ2KtU19UxiO2GmX0tUHG1MJfjbozo8TMt I4yaQKFOMUIqOIkxFDKR2Jd6lfS5woi3mOua/SbmHm9XsriRh6JEDc H+/qj4eoBBbcz6sB6A7fUh7bHY2Bp6bYMdsqubZqkHouviz4B/9up/f nEw2ftyz//plhds2z8FziXnY+eas+34zudO4DxyHjsHTuwI51fnN+f 3rXrrj60/t/6ypBcvtDwfOYNn6+9/AAT3auA=</latexit><latexit sha1_base64="W+clzQ adSXtXU3Ygj2mlegtdOGQ=">AAAM+HiclVfdjttEFHbLX3EXaOGSm6 FuxC7qbuNsVaC0lSlFKhdAkdi2Yr2txvY4Hq09jjyTzaaW34JbkLhC3 PI2fRu+mbETezcFYSnJeOb8n++cM4lmOZdqPH514eIbb7719juX3nU vb733/gdXrn74RJbzKmYHcZmX1bOISpZzwQ4UVzl7NqsYLaKcPY2Ov 9HnT09YJXkpflbLGTsq6FTwlMdUYeuXsKAqk2kdNS+ueOO9sXnI+YXf LrzgimOexy+uXn4VJmU8L5hQcU6lPPTHM3VU00rxOGeNG84lm9H4mE 7ZIZaCFkwe1cbkhoywk5C0rPARipjdPkdNCymXRQRKY+LZM7256exwr tIvjmouZnPFRGwVpfOcqJJo/0nCKxarfIkFjSsOW0mc0YrGClEaaLG WDraionHd8CGDvxX7Hrp/nLGKqrKqQzkVTa2/QCDYIi6LgoqkDh/MeF PXYVTUIVYNDCIPuZzldEmwQbggD8o8cTf65yI9x4wiqQrWuSF+Q0lP WKBPaRwj8uF62df7WcjTQHIxzdnh/lE9cgkJJVNReToOM3zX1+se57 Xx/u1J7flN8/zR9aZHPHktcXjMKoF8D5h4mvAizNT4Hr4mxNsPWS4Z8 SZhynHeuKOfM0YiWpEFz3MSMVKUJ4CBzg0OKj7NFImWhJKM5ikpUwK 9cRxoXfQGWWQ8zgiXQEuh05sYWhurO0PvK5YbrkP/yJrq+SFsY6ezqi cSBn2XatUV+1RCq5wjnRKomCnAMs/LBSJoTIPNN/RCEFESwaaonhNG tBBSIJOWuKP8yh1RQWiScF1jNCd1Q3QiJRRUDFRUGdK+OniVwX3CRDn HD2ChMu0pSvuMawueMCgxngU8FexUaQA/B8j0UYAzncp6DLCd2UKu4 PIBUgJfgTZAF8t8WqIOssJUo8UM0aVX5nKDai3scALdK4AZ0auzwLx 6E6Nt0/ZEG7FRbLCCasSmEF2V85l+S1jaw5/n+Z43Ad3oW0HR5pAOqX SeABdLAbMJHlMuvUo5UzmD3BelTYzQkemH4AZBXZpspbySat0rkCKp GE3ItmTIOkP+d1q9PPX2J516YE3M0Q/nMjQSAi2B6IIYPWSQU6BxG/l c0Vw3o7LSDQrAaaXZSgxfBm0tWplSLRH5gfzmRd3YQlxzqcV/s9UDR l0lIggXiea1WzQ5oSJm7dGuPnsZuKMfgPh2T8N3ow86KQbqJph7nYoT ZLxj3bebgWLFDFt0o+rV6W5oC0aiV7LWhtVhZwYApbJ/U73m8MebfV xRDP28R7bP+3iT7O+QXbL9oGIcBXUTQnc6JOiGaHnvI2idHDROg4Cz 7VBmZYWxhc5mGgAz9d8x3R2TT6zYrrvV473bjWlvuy3NGoC+WeIFHbb St4N6zba74uvSPcBpT/ytAVmLkXPhAt2G7uqOHudIkvWjLCKu/Uq5b oimcW53Ru8QngI6Onv3xwRNCK+bmnFb121lG0lGkzdZ2dUP+F0T8CGp bydRS9s/IIM4dmRmgP2fSKLLtYVkR55pZyYmCZupLAyEFrdqTUFkul wYAG1q2dtndt8WLVOBPEbDROew4nDpmVcgEInxMa3Kl9DNYN9SH9px3 ZNgl7CanvYs6su1h+65rvmkhQZ6LEsCaiG7no1cYMahHiSGWy/1BH0 d2M1zSXqy7rgDbA4lWwN836/bENrQt02a0GpqbppAkpC4Fktd3uuuX Yp1w9a6edrr2ao8xuDmEmOZ2KtU19UxiO2GmX0tUHG1MJfjbozo8TMt I4yaQKFOMUIqOIkxFDKR2Jd6lfS5woi3mOua/SbmHm9XsriRh6JEDc H+/qj4eoBBbcz6sB6A7fUh7bHY2Bp6bYMdsqubZqkHouviz4B/9up/f nEw2ftyz//plhds2z8FziXnY+eas+34zudO4DxyHjsHTuwI51fnN+f 3rXrrj60/t/6ypBcvtDwfOYNn6+9/AAT3auA=</latexit><latexit sha1_base64="W+clzQ adSXtXU3Ygj2mlegtdOGQ=">AAAM+HiclVfdjttEFHbLX3EXaOGSm6 FuxC7qbuNsVaC0lSlFKhdAkdi2Yr2txvY4Hq09jjyTzaaW34JbkLhC3 PI2fRu+mbETezcFYSnJeOb8n++cM4lmOZdqPH514eIbb7719juX3nU vb733/gdXrn74RJbzKmYHcZmX1bOISpZzwQ4UVzl7NqsYLaKcPY2Ov 9HnT09YJXkpflbLGTsq6FTwlMdUYeuXsKAqk2kdNS+ueOO9sXnI+YXf LrzgimOexy+uXn4VJmU8L5hQcU6lPPTHM3VU00rxOGeNG84lm9H4mE 7ZIZaCFkwe1cbkhoywk5C0rPARipjdPkdNCymXRQRKY+LZM7256exwr tIvjmouZnPFRGwVpfOcqJJo/0nCKxarfIkFjSsOW0mc0YrGClEaaLG WDraionHd8CGDvxX7Hrp/nLGKqrKqQzkVTa2/QCDYIi6LgoqkDh/MeF PXYVTUIVYNDCIPuZzldEmwQbggD8o8cTf65yI9x4wiqQrWuSF+Q0lP WKBPaRwj8uF62df7WcjTQHIxzdnh/lE9cgkJJVNReToOM3zX1+se57 Xx/u1J7flN8/zR9aZHPHktcXjMKoF8D5h4mvAizNT4Hr4mxNsPWS4Z8 SZhynHeuKOfM0YiWpEFz3MSMVKUJ4CBzg0OKj7NFImWhJKM5ikpUwK 9cRxoXfQGWWQ8zgiXQEuh05sYWhurO0PvK5YbrkP/yJrq+SFsY6ezqi cSBn2XatUV+1RCq5wjnRKomCnAMs/LBSJoTIPNN/RCEFESwaaonhNG tBBSIJOWuKP8yh1RQWiScF1jNCd1Q3QiJRRUDFRUGdK+OniVwX3CRDn HD2ChMu0pSvuMawueMCgxngU8FexUaQA/B8j0UYAzncp6DLCd2UKu4 PIBUgJfgTZAF8t8WqIOssJUo8UM0aVX5nKDai3scALdK4AZ0auzwLx 6E6Nt0/ZEG7FRbLCCasSmEF2V85l+S1jaw5/n+Z43Ad3oW0HR5pAOqX SeABdLAbMJHlMuvUo5UzmD3BelTYzQkemH4AZBXZpspbySat0rkCKp GE3ItmTIOkP+d1q9PPX2J516YE3M0Q/nMjQSAi2B6IIYPWSQU6BxG/l c0Vw3o7LSDQrAaaXZSgxfBm0tWplSLRH5gfzmRd3YQlxzqcV/s9UDR l0lIggXiea1WzQ5oSJm7dGuPnsZuKMfgPh2T8N3ow86KQbqJph7nYoT ZLxj3bebgWLFDFt0o+rV6W5oC0aiV7LWhtVhZwYApbJ/U73m8MebfV xRDP28R7bP+3iT7O+QXbL9oGIcBXUTQnc6JOiGaHnvI2idHDROg4Cz 7VBmZYWxhc5mGgAz9d8x3R2TT6zYrrvV473bjWlvuy3NGoC+WeIFHbb St4N6zba74uvSPcBpT/ytAVmLkXPhAt2G7uqOHudIkvWjLCKu/Uq5b oimcW53Ru8QngI6Onv3xwRNCK+bmnFb121lG0lGkzdZ2dUP+F0T8CGp bydRS9s/IIM4dmRmgP2fSKLLtYVkR55pZyYmCZupLAyEFrdqTUFkul wYAG1q2dtndt8WLVOBPEbDROew4nDpmVcgEInxMa3Kl9DNYN9SH9px3 ZNgl7CanvYs6su1h+65rvmkhQZ6LEsCaiG7no1cYMahHiSGWy/1BH0 d2M1zSXqy7rgDbA4lWwN836/bENrQt02a0GpqbppAkpC4Fktd3uuuX Yp1w9a6edrr2ao8xuDmEmOZ2KtU19UxiO2GmX0tUHG1MJfjbozo8TMt I4yaQKFOMUIqOIkxFDKR2Jd6lfS5woi3mOua/SbmHm9XsriRh6JEDc H+/qj4eoBBbcz6sB6A7fUh7bHY2Bp6bYMdsqubZqkHouviz4B/9up/f nEw2ftyz//plhds2z8FziXnY+eas+34zudO4DxyHjsHTuwI51fnN+f 3rXrrj60/t/6ypBcvtDwfOYNn6+9/AAT3auA=</latexit><latexit sha1_base64="gW4hX5 pfwqNPZsMoiQLrhwr7jfA=">AAAM+HiclVfdjttEFHbLX3EXaOGSm6 FuxC7qbuNsVaC0lSlFKhdAkdi2Yr2txvY4Hq09jjyTzaaW34JbkLhC3 PI2fRu+mbETezcFYSnJeOb8n++cM4lmOZdqPH514eIbb7719juX3nU vb733/gdXrn74RJbzKmYHcZmX1bOISpZzwQ4UVzl7NqsYLaKcPY2Ov 9HnT09YJXkpflbLGTsq6FTwlMdUYeuXsKAqk2kdNS+ueOO9sXnI+YXf LjynfR6/uHr5VZiU8bxgQsU5lfLQH8/UUU0rxeOcNW44l2xG42M6ZY dYCloweVQbkxsywk5C0rLCRyhidvscNS2kXBYRKI2JZ8/05qazw7lKv ziquZjNFROxVZTOc6JKov0nCa9YrPIlFjSuOGwlcUYrGitEaaDFWjr YiorGdcOHDP5W7Hvo/nHGKqrKqg7lVDS1/gKBYIu4LAoqkjp8MONNXY dRUYdYNTCIPORyltMlwQbhgjwo88Td6J+L9BwziqQqWOeG+A0lPWGB PqVxjMiH62Vf72chTwPJxTRnh/tH9cglJJRMReXpOMzwXV+ve5zXxv u3J7XnN83zR9ebHvHktcThMasE8j1g4mnCizBT43v4mhBvP2S5ZMSbh CnHeeOOfs4YiWhFFjzPScRIUZ4ABjo3OKj4NFMkWhJKMpqnpEwJ9MZ xoHXRG2SR8TgjXAIthU5vYmhtrO4Mva9YbrgO/SNrqueHsI2dzqqeSB j0XapVV+xTCa1yjnRKoGKmAMs8LxeIoDENNt/QC0FESQSbonpOGNFC SIFMWuKO8it3RAWhScJ1jdGc1A3RiZRQUDFQUWVI++rgVQb3CRPlHD+ Ahcq0pyjtM64teMKgxHgW8FSwU6UB/Bwg00cBznQq6zHAdmYLuYLLB 0gJfAXaAF0s82mJOsgKU40WM0SXXpnLDaq1sMMJdK8AZkSvzgLz6k2 Mtk3bE23ERrHBCqoRm0J0Vc5n+i1haQ9/nud73gR0o28FRZtDOqTSeQ JcLAXMJnhMufQq5UzlDHJflDYxQkemH4IbBHVpspXySqp1r0CKpGI0 IduSIesM+d9p9fLU25906oE1MUc/nMvQSAi0BKILYvSQQU6Bxm3kc0V z3YzKSjcoAKeVZisxfBm0tWhlSrVE5Afymxd1YwtxzaUW/81WDxh1l YggXCSa127R5ISKmLVHu/rsZeCOfgDi2z0N340+6KQYqJtg7nUqTpDx jnXfbgaKFTNs0Y2qV6e7oS0YiV7JWhtWh50ZAJTK/k31msMfb/ZxRT H08x7ZPu/jTbK/Q3bJ9oOKcRTUTQjd6ZCgG6LlvY+gdXLQOA0CzrZD mZUVxhY6m2kAzNR/x3R3TD6xYrvuVo/3bjemve22NGsA+maJF3TYSt8 O6jXb7oqvS/cApz3xtwZkLUbOhQt0G7qrO3qcI0nWj7KIuPYr5bohm sa53Rm9Q3gK6Ojs3R8TNCG8bmrGbV23lW0kGU3eZGVXP+B3TcCHpL6d RC1t/4AM4tiRmQH2fyKJLtcWkh15pp2ZmCRsprIwEFrcqjUFkelyYQ C0qWVvn9l9W7RMBfIYDROdw4rDpWdegUAkxse0Kl9CN4N9S31ox3VPg l3Canras6gv1x6657rmkxYa6LEsCaiF7Ho2coEZh3qQGG691BP0dWA 3zyXpybrjDrA5lGwN8H2/bkNoQ982aUKrqblpAklC4losdXmvu3Yp1 g1b6+Zpr2er8hiDm0uMZWKvUl1XxyC2G2b2tUDF1cJcjrsxosfPtIww agKFOsUIqeAkxlDIRGJf6lXS5woj3mKua/abmHu8XcniRh6KEjUE+/ uj4usBBrUx68N6ALbXh7THYmNr6LUNdsiubpqlHoiuiz8D/tmr//nFw WTvyz3/p1tesN3+K7jkfOxcc7Yd3/ncCZxHzmPnwIkd4fzq/Ob8vlV v/bH159ZflvTihZbnI2fwbP39DyXbapA=</latexit>
particle model
<latexit sha1_base64="FvT pCSC9NW8aSeSsilRSRRlKF9M=">AAANB3iclVfdbtxEFHbLX 3EDpHDBBTdDtytS1KTrTVWgtJUpRSoXQJGatlKcRmN7vB7FH lue2SRbyy/Aa3ALEleIWx6jb8M3M/aunWxBWNrd8cz5P985Zz YsMy7VZPLqwsU33nzr7Xcuvete3njv/Q82r3z4VBbzKmJ7UZ EV1fOQSpZxwfYUVxl7XlaM5mHGnoVH3+rzZ8eskrwQT9SiZAc 5nQme8IgqbB1ufhwodqpkUpe0UjzKGMmLmGXN4eZosjMxDzm /8NrFyN90zPP48MrlV0FcRPOcCRVlVMp9b1Kqg7oV27jBXLK SRkd0xvaxFDRn8qA2HjRkjJ2YJEWFj1DE7PY5appLuchDUOZU pfLsmd5cd7Y/V8mXBzUX5VwxEVlFyTwjqiA6HCTmFYtUtsCC RhWHrSRKaUUjhaANtFhLB1th3rhu8JDB34r9AN0/layiqqjq QM5EU+svEAh2EhV5TkVcBw9K3tR1EOZ1gFUDg8hDLsuMLgg2C BfkQZHF7lr/3CCnR4wixwrWuQF+A0mPma9PaRQh8sFq2df7e cATX3Ixy9j+7kE9dgkJJFNhcToJUnzX1+oe59XJ7u1pPfKa5s Wja02PePpa4uCIVQL5HjDxJOZ5kKrJPXxNyWg3YJlkZDQNEo 7zxh0/SRkJaUVOeJaRUGPvGDDQucFBxWepIuGCUJLSLCFFQq A3inyti94gJymPUsIl0JLr9MaG1sbqztD7imWGa987sKaOvAC 2sdOy6omEQd8nWnXFPpPQKudIpwQqSgVYZllxggga02DzDb0 QRBREsBmK6ZgRLYTkyKQl7ii/dsdUEBrHXJcczUjdEJ1ICQUV AxVVhrSvDl6lcJ8wUczxA1ioVHuKSj/j2gmPGZQYz3yeCFSz BvALgEwf+TjTqawnANuZLeQKLu8hJfAVaAN0scxmBeogzU01 WswQXXpFJteo1sL2p9C9BJgRvTzzzetoarSt255qI9aK9ZdQD dkMoqtiXuq3mCU9/I1G3mg0Bd34O0HR9ZAOqXSeABdLAbMJH lMuvUo5UzmD3OeFTYzQkemH4AZBXZpsJbySatUrkCKpGI3Jl mTIOkP+r7d6eTLanXbqgTUxRz+cy8BI8LUEogti/JBBTo4+bu RzRTPdjIpKNygAp5VmKzF46be1aGVKtUDkB/Kbw7qxhbjiUi f/zVYPGHWVCD84iTWv3aLxMRURa4+29dlL3x3/CMS3exq+a33 QSTFQN8Hc6VQcI+Md667d9BXLS2zRtaqXp9uBLRiJXslaG5a HnRkAlEr/TfWKw5us93FJMfTzHtk67+NNsnudbJOtBxXjKKi bEHq9Q4JuiJb3PoLWyUHjNAg42w5lWlQYW+hspgEwU/8d090J +dSK7bpbPdm53Zj2tt3SrADomSVe0GErfVmoV2zbS74u3QOc 9sTfGpC1GDkXLtCt6a7u+HGGJFk/ijzk2q+E64ZoGudWZ/R1 whNAR2fv/oSgCeF1XTNu67qtbCPJaBpNl3b1A37XBHxI6tlJ1 NL2D8ggjh2ZGWD/J5Locm0h2ZFn2pmJScxKlQa+0OKWrckPT ZcLfKBNLXr7zO7bomXKl0domOgcVhwuPfMKBCI2PiZV8RK6Ge xb6EM7rnsS7BJW09OeRX259tA91zWfttBAj2WxTy1kV7ORC8 w41IPEcOulnqCvA7tZJklP1h13gM2hZGuA53l1G0Ib+rZJE1 rNzE0TSBISt2Spy3vVtQuxathaN096PVsVRxjcXGIsE3uV6ro 6BrHdMLOvBSquFuau3I0RPX5mRYhR4yvUKUZIBScxhgImYvt SL5M+VxjxFnNds1/H3OPtShYX9EAUqCHY3x8V3wwwqI1ZHdYD sL0+pD0WG1tDr22wQ3Z50yz0QHRd/Bnwzl79zy/2pjtf7Xg/ 3xr5W/ZPgXPJ+cS56mw5nvOF4zuPnMfOnhM5jfOr85vz+8Yv G39s/LnxlyW9eKHl+cgZPBt//wNgBXDR</latexit><latexit sha1_base64="FvT pCSC9NW8aSeSsilRSRRlKF9M=">AAANB3iclVfdbtxEFHbLX 3EDpHDBBTdDtytS1KTrTVWgtJUpRSoXQJGatlKcRmN7vB7FH lue2SRbyy/Aa3ALEleIWx6jb8M3M/aunWxBWNrd8cz5P985Zz YsMy7VZPLqwsU33nzr7Xcuvete3njv/Q82r3z4VBbzKmJ7UZ EV1fOQSpZxwfYUVxl7XlaM5mHGnoVH3+rzZ8eskrwQT9SiZAc 5nQme8IgqbB1ufhwodqpkUpe0UjzKGMmLmGXN4eZosjMxDzm /8NrFyN90zPP48MrlV0FcRPOcCRVlVMp9b1Kqg7oV27jBXLK SRkd0xvaxFDRn8qA2HjRkjJ2YJEWFj1DE7PY5appLuchDUOZU pfLsmd5cd7Y/V8mXBzUX5VwxEVlFyTwjqiA6HCTmFYtUtsCC RhWHrSRKaUUjhaANtFhLB1th3rhu8JDB34r9AN0/layiqqjq QM5EU+svEAh2EhV5TkVcBw9K3tR1EOZ1gFUDg8hDLsuMLgg2C BfkQZHF7lr/3CCnR4wixwrWuQF+A0mPma9PaRQh8sFq2df7e cATX3Ixy9j+7kE9dgkJJFNhcToJUnzX1+oe59XJ7u1pPfKa5s Wja02PePpa4uCIVQL5HjDxJOZ5kKrJPXxNyWg3YJlkZDQNEo 7zxh0/SRkJaUVOeJaRUGPvGDDQucFBxWepIuGCUJLSLCFFQq A3inyti94gJymPUsIl0JLr9MaG1sbqztD7imWGa987sKaOvAC 2sdOy6omEQd8nWnXFPpPQKudIpwQqSgVYZllxggga02DzDb0 QRBREsBmK6ZgRLYTkyKQl7ii/dsdUEBrHXJcczUjdEJ1ICQUV AxVVhrSvDl6lcJ8wUczxA1ioVHuKSj/j2gmPGZQYz3yeCFSz BvALgEwf+TjTqawnANuZLeQKLu8hJfAVaAN0scxmBeogzU01 WswQXXpFJteo1sL2p9C9BJgRvTzzzetoarSt255qI9aK9ZdQD dkMoqtiXuq3mCU9/I1G3mg0Bd34O0HR9ZAOqXSeABdLAbMJH lMuvUo5UzmD3OeFTYzQkemH4AZBXZpsJbySatUrkCKpGI3Jl mTIOkP+r7d6eTLanXbqgTUxRz+cy8BI8LUEogti/JBBTo4+bu RzRTPdjIpKNygAp5VmKzF46be1aGVKtUDkB/Kbw7qxhbjiUi f/zVYPGHWVCD84iTWv3aLxMRURa4+29dlL3x3/CMS3exq+a33 QSTFQN8Hc6VQcI+Md667d9BXLS2zRtaqXp9uBLRiJXslaG5a HnRkAlEr/TfWKw5us93FJMfTzHtk67+NNsnudbJOtBxXjKKi bEHq9Q4JuiJb3PoLWyUHjNAg42w5lWlQYW+hspgEwU/8d090J +dSK7bpbPdm53Zj2tt3SrADomSVe0GErfVmoV2zbS74u3QOc 9sTfGpC1GDkXLtCt6a7u+HGGJFk/ijzk2q+E64ZoGudWZ/R1 whNAR2fv/oSgCeF1XTNu67qtbCPJaBpNl3b1A37XBHxI6tlJ1 NL2D8ggjh2ZGWD/J5Locm0h2ZFn2pmJScxKlQa+0OKWrckPT ZcLfKBNLXr7zO7bomXKl0domOgcVhwuPfMKBCI2PiZV8RK6Ge xb6EM7rnsS7BJW09OeRX259tA91zWfttBAj2WxTy1kV7ORC8 w41IPEcOulnqCvA7tZJklP1h13gM2hZGuA53l1G0Ib+rZJE1 rNzE0TSBISt2Spy3vVtQuxathaN096PVsVRxjcXGIsE3uV6ro 6BrHdMLOvBSquFuau3I0RPX5mRYhR4yvUKUZIBScxhgImYvt SL5M+VxjxFnNds1/H3OPtShYX9EAUqCHY3x8V3wwwqI1ZHdYD sL0+pD0WG1tDr22wQ3Z50yz0QHRd/Bnwzl79zy/2pjtf7Xg/ 3xr5W/ZPgXPJ+cS56mw5nvOF4zuPnMfOnhM5jfOr85vz+8Yv G39s/LnxlyW9eKHl+cgZPBt//wNgBXDR</latexit><latexit sha1_base64="FvT pCSC9NW8aSeSsilRSRRlKF9M=">AAANB3iclVfdbtxEFHbLX 3EDpHDBBTdDtytS1KTrTVWgtJUpRSoXQJGatlKcRmN7vB7FH lue2SRbyy/Aa3ALEleIWx6jb8M3M/aunWxBWNrd8cz5P985Zz YsMy7VZPLqwsU33nzr7Xcuvete3njv/Q82r3z4VBbzKmJ7UZ EV1fOQSpZxwfYUVxl7XlaM5mHGnoVH3+rzZ8eskrwQT9SiZAc 5nQme8IgqbB1ufhwodqpkUpe0UjzKGMmLmGXN4eZosjMxDzm /8NrFyN90zPP48MrlV0FcRPOcCRVlVMp9b1Kqg7oV27jBXLK SRkd0xvaxFDRn8qA2HjRkjJ2YJEWFj1DE7PY5appLuchDUOZU pfLsmd5cd7Y/V8mXBzUX5VwxEVlFyTwjqiA6HCTmFYtUtsCC RhWHrSRKaUUjhaANtFhLB1th3rhu8JDB34r9AN0/layiqqjq QM5EU+svEAh2EhV5TkVcBw9K3tR1EOZ1gFUDg8hDLsuMLgg2C BfkQZHF7lr/3CCnR4wixwrWuQF+A0mPma9PaRQh8sFq2df7e cATX3Ixy9j+7kE9dgkJJFNhcToJUnzX1+oe59XJ7u1pPfKa5s Wja02PePpa4uCIVQL5HjDxJOZ5kKrJPXxNyWg3YJlkZDQNEo 7zxh0/SRkJaUVOeJaRUGPvGDDQucFBxWepIuGCUJLSLCFFQq A3inyti94gJymPUsIl0JLr9MaG1sbqztD7imWGa987sKaOvAC 2sdOy6omEQd8nWnXFPpPQKudIpwQqSgVYZllxggga02DzDb0 QRBREsBmK6ZgRLYTkyKQl7ii/dsdUEBrHXJcczUjdEJ1ICQUV AxVVhrSvDl6lcJ8wUczxA1ioVHuKSj/j2gmPGZQYz3yeCFSz BvALgEwf+TjTqawnANuZLeQKLu8hJfAVaAN0scxmBeogzU01 WswQXXpFJteo1sL2p9C9BJgRvTzzzetoarSt255qI9aK9ZdQD dkMoqtiXuq3mCU9/I1G3mg0Bd34O0HR9ZAOqXSeABdLAbMJH lMuvUo5UzmD3OeFTYzQkemH4AZBXZpsJbySatUrkCKpGI3Jl mTIOkP+r7d6eTLanXbqgTUxRz+cy8BI8LUEogti/JBBTo4+bu RzRTPdjIpKNygAp5VmKzF46be1aGVKtUDkB/Kbw7qxhbjiUi f/zVYPGHWVCD84iTWv3aLxMRURa4+29dlL3x3/CMS3exq+a33 QSTFQN8Hc6VQcI+Md667d9BXLS2zRtaqXp9uBLRiJXslaG5a HnRkAlEr/TfWKw5us93FJMfTzHtk67+NNsnudbJOtBxXjKKi bEHq9Q4JuiJb3PoLWyUHjNAg42w5lWlQYW+hspgEwU/8d090J +dSK7bpbPdm53Zj2tt3SrADomSVe0GErfVmoV2zbS74u3QOc 9sTfGpC1GDkXLtCt6a7u+HGGJFk/ijzk2q+E64ZoGudWZ/R1 whNAR2fv/oSgCeF1XTNu67qtbCPJaBpNl3b1A37XBHxI6tlJ1 NL2D8ggjh2ZGWD/J5Locm0h2ZFn2pmJScxKlQa+0OKWrckPT ZcLfKBNLXr7zO7bomXKl0domOgcVhwuPfMKBCI2PiZV8RK6Ge xb6EM7rnsS7BJW09OeRX259tA91zWfttBAj2WxTy1kV7ORC8 w41IPEcOulnqCvA7tZJklP1h13gM2hZGuA53l1G0Ib+rZJE1 rNzE0TSBISt2Spy3vVtQuxathaN096PVsVRxjcXGIsE3uV6ro 6BrHdMLOvBSquFuau3I0RPX5mRYhR4yvUKUZIBScxhgImYvt SL5M+VxjxFnNds1/H3OPtShYX9EAUqCHY3x8V3wwwqI1ZHdYD sL0+pD0WG1tDr22wQ3Z50yz0QHRd/Bnwzl79zy/2pjtf7Xg/ 3xr5W/ZPgXPJ+cS56mw5nvOF4zuPnMfOnhM5jfOr85vz+8Yv G39s/LnxlyW9eKHl+cgZPBt//wNgBXDR</latexit><latexit sha1_base64="v0l T5u3IaAZkUFXM3YYbNN3qcFI=">AAANB3iclVfdbtxEFHbLX 3EDtHDBBTdDtysS1KTrTVWgtJUpRSoXQJGatlKcRmN7vB7FH lue2SRbyy/Aa3ALEleIWx6jb8M3M/aunWxBWNrd8cz5P985Zz YsMy7VZPLqwsU33nzr7Xcuvete3njv/Q+uXP3wqSzmVcT2oi IrquchlSzjgu0prjL2vKwYzcOMPQuPvtXnz45ZJXkhnqhFyQ5 yOhM84RFV2Dq88nGg2KmSSV3SSvEoYyQvYpY1h1dGk52Jecj 5hdcuRk77PD68evlVEBfRPGdCRRmVct+blOqgbsU2bjCXrKT REZ2xfSwFzZk8qI0HDRljJyZJUeEjFDG7fY6a5lIu8hCUOVWp PHumN9ed7c9V8uVBzUU5V0xEVlEyz4gqiA4HiXnFIpUtsKBR xWEriVJa0UghaAMt1tLBVpg3rhs8ZPC3Yj9A908lq6gqqjqQ M9HU+gsEgp1ERZ5TEdfBg5I3dR2EeR1g1cAg8pDLMqMLgg3CB XlQZLG71j83yOkRo8ixgnVugN9A0mPm61MaRYh8sFr29X4e8 MSXXMwytr97UI9dQgLJVFicToIU3/X1usd5bbJ7e1qPvKZ58e h60yOevpY4OGKVQL4HTDyJeR6kanIPX1My2g1YJhkZTYOE47 xxx09SRkJakROeZSTU2DsGDHRucFDxWapIuCCUpDRLSJEQ6I 0iX+uiN8hJyqOUcAm05Dq9saG1sboz9L5imeHa9w6sqSMvgG3 stKx6ImHQ94lWXbHPJLTKOdIpgYpSAZZZVpwggsY02HxDLwQ RBRFshmI6ZkQLITkyaYk7yq/dMRWExjHXJUczUjdEJ1JCQcVA RZUh7auDVyncJ0wUc/wAFirVnqLSz7h2wmMGJcYznycC1awB /AIg00c+znQq6wnAdmYLuYLLe0gJfAXaAF0ss1mBOkhzU40W M0SXXpHJNaq1sP0pdC8BZkQvz3zzOpoabeu2p9qItWL9JVRDN oPoqpiX+i1mSQ9/o5E3Gk1BN/5OUHQ9pEMqnSfAxVLAbILHl EuvUs5UziD3eWETI3Rk+iG4QVCXJlsJr6Ra9QqkSCpGY7IpG bLOkP+tVi9PRrvTTj2wJuboh3MZGAm+lkB0QYwfMsjJ0ceNfK 5opptRUekGBeC00mwlBi/9thatTKkWiPxAfnNYN7YQV1zq5L /Z6gGjrhLhByex5rVbND6mImLt0bY+e+m74x+B+HZPw3etDzo pBuommDudimNkvGPdtZu+YnmJLbpW9fJ0O7AFI9ErWWvD8rA zA4BS6b+pXnF4k/U+LimGft4jm+d9vEl2t8g22XxQMY6Cugm hWx0SdEO0vPcRtE4OGqdBwNl2KNOiwthCZzMNgJn675juTsin VmzX3erJzu3GtLftlmYFQM8s8YIOW+nLQr1i217ydeke4LQn /taArMXIuXCBbk13dcePMyTJ+lHkIdd+JVw3RNM4NzujtwhP AB2dvfsTgiaE13XNuK3rtrKNJKNpNF3a1Q/4XRPwIalnJ1FL2 z8ggzh2ZGaA/Z9Iosu1hWRHnmlnJiYxK1Ua+EKLW7YmPzRdL vCBNrXo7TO7b4uWKV8eoWGic1hxuPTMKxCI2PiYVMVL6Gawb6 EP7bjuSbBLWE1Pexb15dpD91zXfNpCAz2WxT61kF3NRi4w41 APEsOtl3qCvg7sZpkkPVl33AE2h5KtAZ7n1W0IbejbJk1oNT M3TSBJSNySpS7vVdcuxKpha9086fVsVRxhcHOJsUzsVarr6hj EdsPMvhaouFqYu3I3RvT4mRUhRo2vUKcYIRWcxBgKmIjtS71 M+lxhxFvMdc1+HXOPtytZXNADUaCGYH9/VHwzwKA2ZnVYD8D2 +pD2WGxsDb22wQ7Z5U2z0APRdfFnwDt79T+/2JvufLXj/Xxr 5G+2/wouOZ8415xNx3O+cHznkfPY2XMip3F+dX5zft/4ZeOP jT83/rKkFy+0PB85g2fj738AgOlwgQ==</latexit>
wave model
<latexit sha1_base64="oHWK13rdyqJG06rJZLgtHY7ltfM =">AAANA3iclVfdbtxEFHbLX3EDpPSSm6HbFQlK0vWmKlDaypQilQugSE1bKU6jsT1ej2KPV57ZbLaWb3kNbkHiCnHLg/Rt+G bG3rWTLQhLuzueOf/nO+fMhtOMSzUavb50+a2333n3vSvvu1c3Pvjwo81rHz+TxayM2EFUZEX5IqSSZVywA8VVxl5MS0bzMG PPw5Nv9fnzU1ZKXoinajFlRzmdCJ7wiCpsHW9eDxQ7UzKp5vSUkbyIWVYfbw5GeyPzkIsLr1kM/E3HPE+Or119HcRFNMuZUFF GpTz0RlN1VNFS8ShjtRvMJJvS6IRO2CGWguZMHlXG+poMsROTpCjxEYqY3S5HRXMpF3kIypyqVJ4/05vrzg5nKvnyqOJiOlNM RFZRMsuIKogOBYl5ySKVLbCgUclhK4lSWtJIIWA9LdbS3laY164bPGLwt2Q/QPdPU1ZSVZRVICeirvQXCASbR0WeUxFXwcMpr 6sqCPMqwKqGQeQRl9OMLgg2CBfkYZHF7lr/3CCnJ4wivwrWuQF+A4mU+fqURhEiH6yWXb2fBzzxJReTjB3uH1VDl5BAMhUWZ 6MgxXd1s+pw3hjt3xlXA6+uXz6+WXeIx28kDk5YKZDvHhNPYp4HqRrdx9eYDPYDlklGBuMg4Tiv3eHTlJGQlmTOs4yEGnungI HODQ5KPkkVCReEkpRmCSkSAr1R5GtddIfMUx6lhEugJdfpjQ2tjdXdvvclywzXoXdkTR14AWxjZ9OyIxIGfZ9o1SX7TEKrnCG dEqiYKsAyy4o5ImhMg807eiGIKIhgExQSKkcLITkyaYlbyq/dIRWExjHX5UYzUtVEJ1JCQclARZUh7aqDVyncJ0wUM/wAFirV nqLKz7k25zGDEuOZzxOBStYAfgmQ6SMfZzqV1QhgO7eFXMHlA6QEvgJtgC6W2aRAHaS5qUaLGaJLr8jkGtVa2OEYupcAM6KX Z755HYyNtnXbY23EWrH+Eqohm0B0Wcym+i1mSQd/g4E3GIxBN/xOUHQ8pEMqnSfAxVLAbILHlEunUs5VTi/3eWETI3RkuiHYI ahLk62El1KtegVSJBWjMdmSDFlnyP92o5cng/1xqx5YEzP0w5kMjARfSyC6IIaPGOTk6OFGPlc0082oKHWDAnAaabYSg1d+U4 tWplQLRL4nvz6ualuIKy41/2+2qseoq0T4wTzWvHaLxqdURKw52tVnr3x3+CMQ3+xp+K71QSfFQN0Ec69VcYqMt6z7dtNXLJ9 ii65VvTzdDWzBSPRK1tiwPGzNAKBU+m+qVxzeaL2PS4q+n/fJ1kUfb5H9bbJLth6WjKOgbkHodosE3RAt7wMErZWDxmkQcL4d yrQoMbbQ2UwDYKb+W6Z7I/KpFdt2t2q0d6c27W23oVkB0DNLvKDDlvqiUK3Ydpd8bbp7OO2Iv90jazByIVygW9Nd3eGTDEmy fhR5yLVfCdcN0TTOrdbobcITQEdn78GIoAnhdV0zbuq6qWwjyWgajJd2dQN+zwS8T+rZSdTQdg9IL44tmRlg/yeS6HJNIdmRZ 9qZiUnMpioNfKHFLVuTH5ouF/hAm1p09pndt0XLlC9P0DDROaw4XHpmJQhEbHxMyuIVdDPYt9CHdlx3JNglrKZnHYu6cu2he6 FrPmuggR7LYp9ayK5mIxeYcagHieHWST1BXwd2s0ySjqy7bg+bfcnWAM/zqiaENvRNkya0nJibJpAkJG7IUpf3qmsXYtWwtW6 edHq2Kk4wuLnEWCb2KtV2dQxiu2FmXwNUXC3MPbkdI3r8TIoQo8ZXqFOMkBJOYgwFTMT2pVomfaYw4i3m2ma/jrnD25YsLue BKFBDsL87Kr7pYVAbszqsemB7c0g7LDa2hl7bYIfs8qZZ6IHouvgz4J2/+l9cHIz3vtrzfr498LfsnwLnivOJc8PZcjznC8d3 HjtPnAMnchbOr85vzu8bv2z8sfHnxl+W9PKlhue603s2/v4HDTBvCA==</latexit><latexit sha1_base64="oHWK13rdyqJG06rJZLgtHY7ltfM =">AAANA3iclVfdbtxEFHbLX3EDpPSSm6HbFQlK0vWmKlDaypQilQugSE1bKU6jsT1ej2KPV57ZbLaWb3kNbkHiCnHLg/Rt+G bG3rWTLQhLuzueOf/nO+fMhtOMSzUavb50+a2333n3vSvvu1c3Pvjwo81rHz+TxayM2EFUZEX5IqSSZVywA8VVxl5MS0bzMG PPw5Nv9fnzU1ZKXoinajFlRzmdCJ7wiCpsHW9eDxQ7UzKp5vSUkbyIWVYfbw5GeyPzkIsLr1kM/E3HPE+Or119HcRFNMuZUFF GpTz0RlN1VNFS8ShjtRvMJJvS6IRO2CGWguZMHlXG+poMsROTpCjxEYqY3S5HRXMpF3kIypyqVJ4/05vrzg5nKvnyqOJiOlNM RFZRMsuIKogOBYl5ySKVLbCgUclhK4lSWtJIIWA9LdbS3laY164bPGLwt2Q/QPdPU1ZSVZRVICeirvQXCASbR0WeUxFXwcMpr 6sqCPMqwKqGQeQRl9OMLgg2CBfkYZHF7lr/3CCnJ4wivwrWuQF+A4mU+fqURhEiH6yWXb2fBzzxJReTjB3uH1VDl5BAMhUWZ 6MgxXd1s+pw3hjt3xlXA6+uXz6+WXeIx28kDk5YKZDvHhNPYp4HqRrdx9eYDPYDlklGBuMg4Tiv3eHTlJGQlmTOs4yEGnungI HODQ5KPkkVCReEkpRmCSkSAr1R5GtddIfMUx6lhEugJdfpjQ2tjdXdvvclywzXoXdkTR14AWxjZ9OyIxIGfZ9o1SX7TEKrnCG dEqiYKsAyy4o5ImhMg807eiGIKIhgExQSKkcLITkyaYlbyq/dIRWExjHX5UYzUtVEJ1JCQclARZUh7aqDVyncJ0wUM/wAFirV nqLKz7k25zGDEuOZzxOBStYAfgmQ6SMfZzqV1QhgO7eFXMHlA6QEvgJtgC6W2aRAHaS5qUaLGaJLr8jkGtVa2OEYupcAM6KX Z755HYyNtnXbY23EWrH+Eqohm0B0Wcym+i1mSQd/g4E3GIxBN/xOUHQ8pEMqnSfAxVLAbILHlEunUs5VTi/3eWETI3RkuiHYI ahLk62El1KtegVSJBWjMdmSDFlnyP92o5cng/1xqx5YEzP0w5kMjARfSyC6IIaPGOTk6OFGPlc0082oKHWDAnAaabYSg1d+U4 tWplQLRL4nvz6ualuIKy41/2+2qseoq0T4wTzWvHaLxqdURKw52tVnr3x3+CMQ3+xp+K71QSfFQN0Ec69VcYqMt6z7dtNXLJ9 ii65VvTzdDWzBSPRK1tiwPGzNAKBU+m+qVxzeaL2PS4q+n/fJ1kUfb5H9bbJLth6WjKOgbkHodosE3RAt7wMErZWDxmkQcL4d yrQoMbbQ2UwDYKb+W6Z7I/KpFdt2t2q0d6c27W23oVkB0DNLvKDDlvqiUK3Ydpd8bbp7OO2Iv90jazByIVygW9Nd3eGTDEmy fhR5yLVfCdcN0TTOrdbobcITQEdn78GIoAnhdV0zbuq6qWwjyWgajJd2dQN+zwS8T+rZSdTQdg9IL44tmRlg/yeS6HJNIdmRZ 9qZiUnMpioNfKHFLVuTH5ouF/hAm1p09pndt0XLlC9P0DDROaw4XHpmJQhEbHxMyuIVdDPYt9CHdlx3JNglrKZnHYu6cu2he6 FrPmuggR7LYp9ayK5mIxeYcagHieHWST1BXwd2s0ySjqy7bg+bfcnWAM/zqiaENvRNkya0nJibJpAkJG7IUpf3qmsXYtWwtW6 edHq2Kk4wuLnEWCb2KtV2dQxiu2FmXwNUXC3MPbkdI3r8TIoQo8ZXqFOMkBJOYgwFTMT2pVomfaYw4i3m2ma/jrnD25YsLue BKFBDsL87Kr7pYVAbszqsemB7c0g7LDa2hl7bYIfs8qZZ6IHouvgz4J2/+l9cHIz3vtrzfr498LfsnwLnivOJc8PZcjznC8d3 HjtPnAMnchbOr85vzu8bv2z8sfHnxl+W9PKlhue603s2/v4HDTBvCA==</latexit><latexit sha1_base64="oHWK13rdyqJG06rJZLgtHY7ltfM =">AAANA3iclVfdbtxEFHbLX3EDpPSSm6HbFQlK0vWmKlDaypQilQugSE1bKU6jsT1ej2KPV57ZbLaWb3kNbkHiCnHLg/Rt+G bG3rWTLQhLuzueOf/nO+fMhtOMSzUavb50+a2333n3vSvvu1c3Pvjwo81rHz+TxayM2EFUZEX5IqSSZVywA8VVxl5MS0bzMG PPw5Nv9fnzU1ZKXoinajFlRzmdCJ7wiCpsHW9eDxQ7UzKp5vSUkbyIWVYfbw5GeyPzkIsLr1kM/E3HPE+Or119HcRFNMuZUFF GpTz0RlN1VNFS8ShjtRvMJJvS6IRO2CGWguZMHlXG+poMsROTpCjxEYqY3S5HRXMpF3kIypyqVJ4/05vrzg5nKvnyqOJiOlNM RFZRMsuIKogOBYl5ySKVLbCgUclhK4lSWtJIIWA9LdbS3laY164bPGLwt2Q/QPdPU1ZSVZRVICeirvQXCASbR0WeUxFXwcMpr 6sqCPMqwKqGQeQRl9OMLgg2CBfkYZHF7lr/3CCnJ4wivwrWuQF+A4mU+fqURhEiH6yWXb2fBzzxJReTjB3uH1VDl5BAMhUWZ 6MgxXd1s+pw3hjt3xlXA6+uXz6+WXeIx28kDk5YKZDvHhNPYp4HqRrdx9eYDPYDlklGBuMg4Tiv3eHTlJGQlmTOs4yEGnungI HODQ5KPkkVCReEkpRmCSkSAr1R5GtddIfMUx6lhEugJdfpjQ2tjdXdvvclywzXoXdkTR14AWxjZ9OyIxIGfZ9o1SX7TEKrnCG dEqiYKsAyy4o5ImhMg807eiGIKIhgExQSKkcLITkyaYlbyq/dIRWExjHX5UYzUtVEJ1JCQclARZUh7aqDVyncJ0wUM/wAFirV nqLKz7k25zGDEuOZzxOBStYAfgmQ6SMfZzqV1QhgO7eFXMHlA6QEvgJtgC6W2aRAHaS5qUaLGaJLr8jkGtVa2OEYupcAM6KX Z755HYyNtnXbY23EWrH+Eqohm0B0Wcym+i1mSQd/g4E3GIxBN/xOUHQ8pEMqnSfAxVLAbILHlEunUs5VTi/3eWETI3RkuiHYI ahLk62El1KtegVSJBWjMdmSDFlnyP92o5cng/1xqx5YEzP0w5kMjARfSyC6IIaPGOTk6OFGPlc0082oKHWDAnAaabYSg1d+U4 tWplQLRL4nvz6ualuIKy41/2+2qseoq0T4wTzWvHaLxqdURKw52tVnr3x3+CMQ3+xp+K71QSfFQN0Ec69VcYqMt6z7dtNXLJ9 ii65VvTzdDWzBSPRK1tiwPGzNAKBU+m+qVxzeaL2PS4q+n/fJ1kUfb5H9bbJLth6WjKOgbkHodosE3RAt7wMErZWDxmkQcL4d yrQoMbbQ2UwDYKb+W6Z7I/KpFdt2t2q0d6c27W23oVkB0DNLvKDDlvqiUK3Ydpd8bbp7OO2Iv90jazByIVygW9Nd3eGTDEmy fhR5yLVfCdcN0TTOrdbobcITQEdn78GIoAnhdV0zbuq6qWwjyWgajJd2dQN+zwS8T+rZSdTQdg9IL44tmRlg/yeS6HJNIdmRZ 9qZiUnMpioNfKHFLVuTH5ouF/hAm1p09pndt0XLlC9P0DDROaw4XHpmJQhEbHxMyuIVdDPYt9CHdlx3JNglrKZnHYu6cu2he6 FrPmuggR7LYp9ayK5mIxeYcagHieHWST1BXwd2s0ySjqy7bg+bfcnWAM/zqiaENvRNkya0nJibJpAkJG7IUpf3qmsXYtWwtW6 edHq2Kk4wuLnEWCb2KtV2dQxiu2FmXwNUXC3MPbkdI3r8TIoQo8ZXqFOMkBJOYgwFTMT2pVomfaYw4i3m2ma/jrnD25YsLue BKFBDsL87Kr7pYVAbszqsemB7c0g7LDa2hl7bYIfs8qZZ6IHouvgz4J2/+l9cHIz3vtrzfr498LfsnwLnivOJc8PZcjznC8d3 HjtPnAMnchbOr85vzu8bv2z8sfHnxl+W9PKlhue603s2/v4HDTBvCA==</latexit><latexit sha1_base64="2Y/m7EdCOFu423NYRTQH4UHD0dU =">AAANA3iclVfdbtxEFHbLX3EDtPSSm6HbFQlq0vWmKlDaypQglQugSE1bKU6jsT1ej2KPV57ZbDaWb3kNbkHiCnHLg/Rt+G bG3rWTLQhLuzueOf/nO+fMhtOMSzUavb50+a2333n3vSvvu1c3Pvjwo2vXP34ui1kZsf2oyIryZUgly7hg+4qrjL2clozmYc ZehMff6vMXJ6yUvBDP1GLKDnM6ETzhEVXYOrp2I1DsVMmkmtMTRvIiZll9dG0w2hmZh1xceM1i4DTP06PrV18HcRHNciZUlFE pD7zRVB1WtFQ8yljtBjPJpjQ6phN2gKWgOZOHlbG+JkPsxCQpSnyEIma3y1HRXMpFHoIypyqV58/05rqzg5lKvjysuJjOFBOR VZTMMqIKokNBYl6ySGULLGhUcthKopSWNFIIWE+LtbS3Fea16wZ7DP6W7Afo/mnKSqqKsgrkRNSV/gKBYPOoyHMq4ip4POV1V QVhXgVY1TCI7HE5zeiCYINwQR4XWeyu9c8NcnrMKPKrYJ0b4DeQSJmvT2kUIfLBatnV+3nAE19yMcnYwe5hNXQJCSRTYXE6C lJ8V7eqDufN0e69cTXw6vrVk1t1h3j8RuLgmJUC+e4x8STmeZCq0UN8jclgN2CZZGQwDhKO89odPksZCWlJ5jzLSKixdwIY6N zgoOSTVJFwQShJaZaQIiHQG0W+1kVvk3nKo5RwCbTkOr2xobWxut/3vmSZ4TrwDq2pAy+Abex0WnZEwqDvE626ZJ9JaJUzpFM CFVMFWGZZMUcEjWmw+bZeCCIKItgEhYTK0UJIjkxa4pbya3dIBaFxzHW50YxUNdGJlFBQMlBRZUi76uBVCvcJE8UMP4CFSrWn qPJzrs15zKDEeObzRKCSNYBfAWT6yMeZTmU1AtjObSFXcHkfKYGvQBugi2U2KVAHaW6q0WKG6NIrMrlGtRZ2MIbuJcCM6OWZ b14HY6Nt3fZYG7FWrL+EasgmEF0Ws6l+i1nSwd9g4A0GY9ANvxMUHQ/pkErnCXCxFDCb4DHl0qmUc5XTy31e2MQIHZluCG4T1 KXJVsJLqVa9AimSitGYbEqGrDPkf6vRy5PB7rhVD6yJGfrhTAZGgq8lEF0Qwz0GOTl6uJHPFc10MypK3aAAnEaarcTgzG9q0c qUaoHI9+TXR1VtC3HFpeb/zVb1GHWVCD+Yx5rXbtH4hIqINUfb+uzMd4c/AvHNnobvWh90UgzUTTB3WhUnyHjLums3fcXyKbb oWtXL0+3AFoxEr2SNDcvD1gwASqX/pnrF4Y3W+7ik6Pv5kGxe9PEO2d0i22Tzcck4CuoOhG61SNAN0fI+QtBaOWicBgHn26FM ixJjC53NNABm6r9lejAin1qxbXerRjv3atPethuaFQA9s8QLOmypLwrVim17ydemu4fTjvi7PbIGIxfCBbo13dUdPs2QJOtH kYdc+5Vw3RBN49xsjd4iPAF0dPYejQiaEF7XNeOmrpvKNpKMpsF4aVc34A9MwPuknp1EDW33gPTi2JKZAfZ/Ioku1xSSHXmmn ZmYxGyq0sAXWtyyNfmh6XKBD7SpRWef2X1btEz58hgNE53DisOlZ1aCQMTGx6QszqCbwb6FPrTjuiPBLmE1Pe1Y1JVrD90LXf N5Aw30WBb71EJ2NRu5wIxDPUgMt07qCfo6sJtlknRk3Xd72OxLtgZ4nlc1IbShb5o0oeXE3DSBJCFxQ5a6vFdduxCrhq1186T Ts1VxjMHNJcYysVeptqtjENsNM/saoOJqYe7J7RjR42dShBg1vkKdYoSUcBJjKGAiti/VMukzhRFvMdc2+3XMHd62ZHE5D0S BGoL93VHxTQ+D2pjVYdUD25tD2mGxsTX02gY7ZJc3zUIPRNfFnwHv/NX/4mJ/vPPVjvfz3YG/2fwruOJ84tx0Nh3P+cLxnSfO U2ffiZyF86vzm/P7xi8bf2z8ufGXJb18qeG54fSejb//AS4Ubrg=</latexit>
c
<latexit sha1_base64="9KobMqp/oOeMwbpGaR23dQYkOJ8 =">AAAM+HiclVfdjttEFHbLX3EXaOGSm6FuxC7qbuNsVaC0lSlFKhdAkdi2Yr2txvY4Hq09jjyTzaaW34JbkLhC3PI2fRu+mb ETezcFYSnJeOb8n++cM4lmOZdqPH514eIbb7719juX3nUvb733/gdXrn74RJbzKmYHcZmX1bOISpZzwQ4UVzl7NqsYLaKcPY 2Ov9HnT09YJXkpflbLGTsq6FTwlMdUYeuXsKAqk2kdNy+ueOO9sXnI+YXfLrzgimOexy+uXn4VJmU8L5hQcU6lPPTHM3VU00r xOGeNG84lm9H4mE7ZIZaCFkwe1cbkhoywk5C0rPARipjdPkdNCymXRQRKY+LZM7256exwrtIvjmouZnPFRGwVpfOcqJJo/0nC KxarfIkFjSsOW0mc0YrGClEaaLGWDraionHd8CGDvxX7Hrp/nLGKqrKqQzkVTa2/QCDYIi6LgoqkDh/MeFPXYVTUIVYNDCIPu ZzldEmwQbggD8o8cTf65yI9x4wiqQrWuSF+Q0lPWKBPaRwj8uF62df7WcjTQHIxzdnh/lE9cgkJJVNReToOM3zX1+se57Xx/ u1J7flN8/zR9aZHPHktcXjMKoF8D5h4mvAizNT4Hr4mxNsPWS4Z8SZhynHeuKOfM0YiWpEFz3MSMVKUJ4CBzg0OKj7NFImWhJ KM5ikpUwK9cRxoXfQGWWQ8zgiXQEuh05sYWhurO0PvK5YbrkP/yJrq+SFsY6ezqicSBn2XatUV+1RCq5wjnRKomCnAMs/LBSJ oTIPNN/RCEFESwaaonhNGtBBSIJOWuKP8yh1RQWiScF1jNCd1Q3QiJRRUDFRUGdK+OniVwX3CRDnHD2ChMu0pSvuMawueMCgx ngU8FexUaQA/B8j0UYAzncp6DLCd2UKu4PIBUgJfgTZAF8t8WqIOssJUo8UM0aVX5nKDai3scALdK4AZ0auzwLx6E6Nt0/ZE G7FRbLCCasSmEF2V85l+S1jaw5/n+Z43Ad3oW0HR5pAOqXSeABdLAbMJHlMuvUo5UzmD3BelTYzQkemH4AZBXZpspbySat0rk CKpGE3ItmTIOkP+d1q9PPX2J516YE3M0Q/nMjQSAi2B6IIYPWSQU6BxG/lc0Vw3o7LSDQrAaaXZSgxfBm0tWplSLRH5gfzmRd 3YQlxzqcV/s9UDRl0lIggXiea1WzQ5oSJm7dGuPnsZuKMfgPh2T8N3ow86KQbqJph7nYoTZLxj3bebgWLFDFt0o+rV6W5oC0a iV7LWhtVhZwYApbJ/U73m8MebfVxRDP28R7bP+3iT7O+QXbL9oGIcBXUTQnc6JOiGaHnvI2idHDROg4Cz7VBmZYWxhc5mGgAz 9d8x3R2TT6zYrrvV473bjWlvuy3NGoC+WeIFHbbSt4N6zba74uvSPcBpT/ytAVmLkXPhAt2G7uqOHudIkvWjLCKu/Uq5boim cW53Ru8QngI6Onv3xwRNCK+bmnFb121lG0lGkzdZ2dUP+F0T8CGpbydRS9s/IIM4dmRmgP2fSKLLtYVkR55pZyYmCZupLAyEF rdqTUFkulwYAG1q2dtndt8WLVOBPEbDROew4nDpmVcgEInxMa3Kl9DNYN9SH9px3ZNgl7CanvYs6su1h+65rvmkhQZ6LEsCai G7no1cYMahHiSGWy/1BH0d2M1zSXqy7rgDbA4lWwN836/bENrQt02a0GpqbppAkpC4Fktd3uuuXYp1w9a6edrr2ao8xuDmEmO Z2KtU19UxiO2GmX0tUHG1MJfjbozo8TMtI4yaQKFOMUIqOIkxFDKR2Jd6lfS5woi3mOua/SbmHm9XsriRh6JEDcH+/qj4eoB Bbcz6sB6A7fUh7bHY2Bp6bYMdsqubZqkHouviz4B/9up/fnEw2ftyz//plhds2z8FziXnY+eas+34zudO4DxyHjsHTuwI51fn N+f3rXrrj60/t/6ypBcvtDwfOYNn6+9/ABGDauE=</latexit><latexit sha1_base64="9KobMqp/oOeMwbpGaR23dQYkOJ8 =">AAAM+HiclVfdjttEFHbLX3EXaOGSm6FuxC7qbuNsVaC0lSlFKhdAkdi2Yr2txvY4Hq09jjyTzaaW34JbkLhC3PI2fRu+mb ETezcFYSnJeOb8n++cM4lmOZdqPH514eIbb7719juX3nUvb733/gdXrn74RJbzKmYHcZmX1bOISpZzwQ4UVzl7NqsYLaKcPY 2Ov9HnT09YJXkpflbLGTsq6FTwlMdUYeuXsKAqk2kdNy+ueOO9sXnI+YXfLrzgimOexy+uXn4VJmU8L5hQcU6lPPTHM3VU00r xOGeNG84lm9H4mE7ZIZaCFkwe1cbkhoywk5C0rPARipjdPkdNCymXRQRKY+LZM7256exwrtIvjmouZnPFRGwVpfOcqJJo/0nC KxarfIkFjSsOW0mc0YrGClEaaLGWDraionHd8CGDvxX7Hrp/nLGKqrKqQzkVTa2/QCDYIi6LgoqkDh/MeFPXYVTUIVYNDCIPu ZzldEmwQbggD8o8cTf65yI9x4wiqQrWuSF+Q0lPWKBPaRwj8uF62df7WcjTQHIxzdnh/lE9cgkJJVNReToOM3zX1+se57Xx/ u1J7flN8/zR9aZHPHktcXjMKoF8D5h4mvAizNT4Hr4mxNsPWS4Z8SZhynHeuKOfM0YiWpEFz3MSMVKUJ4CBzg0OKj7NFImWhJ KM5ikpUwK9cRxoXfQGWWQ8zgiXQEuh05sYWhurO0PvK5YbrkP/yJrq+SFsY6ezqicSBn2XatUV+1RCq5wjnRKomCnAMs/LBSJ oTIPNN/RCEFESwaaonhNGtBBSIJOWuKP8yh1RQWiScF1jNCd1Q3QiJRRUDFRUGdK+OniVwX3CRDnHD2ChMu0pSvuMawueMCgx ngU8FexUaQA/B8j0UYAzncp6DLCd2UKu4PIBUgJfgTZAF8t8WqIOssJUo8UM0aVX5nKDai3scALdK4AZ0auzwLx6E6Nt0/ZE G7FRbLCCasSmEF2V85l+S1jaw5/n+Z43Ad3oW0HR5pAOqXSeABdLAbMJHlMuvUo5UzmD3BelTYzQkemH4AZBXZpspbySat0rk CKpGE3ItmTIOkP+d1q9PPX2J516YE3M0Q/nMjQSAi2B6IIYPWSQU6BxG/lc0Vw3o7LSDQrAaaXZSgxfBm0tWplSLRH5gfzmRd 3YQlxzqcV/s9UDRl0lIggXiea1WzQ5oSJm7dGuPnsZuKMfgPh2T8N3ow86KQbqJph7nYoTZLxj3bebgWLFDFt0o+rV6W5oC0a iV7LWhtVhZwYApbJ/U73m8MebfVxRDP28R7bP+3iT7O+QXbL9oGIcBXUTQnc6JOiGaHnvI2idHDROg4Cz7VBmZYWxhc5mGgAz 9d8x3R2TT6zYrrvV473bjWlvuy3NGoC+WeIFHbbSt4N6zba74uvSPcBpT/ytAVmLkXPhAt2G7uqOHudIkvWjLCKu/Uq5boim cW53Ru8QngI6Onv3xwRNCK+bmnFb121lG0lGkzdZ2dUP+F0T8CGpbydRS9s/IIM4dmRmgP2fSKLLtYVkR55pZyYmCZupLAyEF rdqTUFkulwYAG1q2dtndt8WLVOBPEbDROew4nDpmVcgEInxMa3Kl9DNYN9SH9px3ZNgl7CanvYs6su1h+65rvmkhQZ6LEsCai G7no1cYMahHiSGWy/1BH0d2M1zSXqy7rgDbA4lWwN836/bENrQt02a0GpqbppAkpC4Fktd3uuuXYp1w9a6edrr2ao8xuDmEmO Z2KtU19UxiO2GmX0tUHG1MJfjbozo8TMtI4yaQKFOMUIqOIkxFDKR2Jd6lfS5woi3mOua/SbmHm9XsriRh6JEDcH+/qj4eoB Bbcz6sB6A7fUh7bHY2Bp6bYMdsqubZqkHouviz4B/9up/fnEw2ftyz//plhds2z8FziXnY+eas+34zudO4DxyHjsHTuwI51fn N+f3rXrrj60/t/6ypBcvtDwfOYNn6+9/ABGDauE=</latexit><latexit sha1_base64="9KobMqp/oOeMwbpGaR23dQYkOJ8 =">AAAM+HiclVfdjttEFHbLX3EXaOGSm6FuxC7qbuNsVaC0lSlFKhdAkdi2Yr2txvY4Hq09jjyTzaaW34JbkLhC3PI2fRu+mb ETezcFYSnJeOb8n++cM4lmOZdqPH514eIbb7719juX3nUvb733/gdXrn74RJbzKmYHcZmX1bOISpZzwQ4UVzl7NqsYLaKcPY 2Ov9HnT09YJXkpflbLGTsq6FTwlMdUYeuXsKAqk2kdNy+ueOO9sXnI+YXfLrzgimOexy+uXn4VJmU8L5hQcU6lPPTHM3VU00r xOGeNG84lm9H4mE7ZIZaCFkwe1cbkhoywk5C0rPARipjdPkdNCymXRQRKY+LZM7256exwrtIvjmouZnPFRGwVpfOcqJJo/0nC KxarfIkFjSsOW0mc0YrGClEaaLGWDraionHd8CGDvxX7Hrp/nLGKqrKqQzkVTa2/QCDYIi6LgoqkDh/MeFPXYVTUIVYNDCIPu ZzldEmwQbggD8o8cTf65yI9x4wiqQrWuSF+Q0lPWKBPaRwj8uF62df7WcjTQHIxzdnh/lE9cgkJJVNReToOM3zX1+se57Xx/ u1J7flN8/zR9aZHPHktcXjMKoF8D5h4mvAizNT4Hr4mxNsPWS4Z8SZhynHeuKOfM0YiWpEFz3MSMVKUJ4CBzg0OKj7NFImWhJ KM5ikpUwK9cRxoXfQGWWQ8zgiXQEuh05sYWhurO0PvK5YbrkP/yJrq+SFsY6ezqicSBn2XatUV+1RCq5wjnRKomCnAMs/LBSJ oTIPNN/RCEFESwaaonhNGtBBSIJOWuKP8yh1RQWiScF1jNCd1Q3QiJRRUDFRUGdK+OniVwX3CRDnHD2ChMu0pSvuMawueMCgx ngU8FexUaQA/B8j0UYAzncp6DLCd2UKu4PIBUgJfgTZAF8t8WqIOssJUo8UM0aVX5nKDai3scALdK4AZ0auzwLx6E6Nt0/ZE G7FRbLCCasSmEF2V85l+S1jaw5/n+Z43Ad3oW0HR5pAOqXSeABdLAbMJHlMuvUo5UzmD3BelTYzQkemH4AZBXZpspbySat0rk CKpGE3ItmTIOkP+d1q9PPX2J516YE3M0Q/nMjQSAi2B6IIYPWSQU6BxG/lc0Vw3o7LSDQrAaaXZSgxfBm0tWplSLRH5gfzmRd 3YQlxzqcV/s9UDRl0lIggXiea1WzQ5oSJm7dGuPnsZuKMfgPh2T8N3ow86KQbqJph7nYoTZLxj3bebgWLFDFt0o+rV6W5oC0a iV7LWhtVhZwYApbJ/U73m8MebfVxRDP28R7bP+3iT7O+QXbL9oGIcBXUTQnc6JOiGaHnvI2idHDROg4Cz7VBmZYWxhc5mGgAz 9d8x3R2TT6zYrrvV473bjWlvuy3NGoC+WeIFHbbSt4N6zba74uvSPcBpT/ytAVmLkXPhAt2G7uqOHudIkvWjLCKu/Uq5boim cW53Ru8QngI6Onv3xwRNCK+bmnFb121lG0lGkzdZ2dUP+F0T8CGpbydRS9s/IIM4dmRmgP2fSKLLtYVkR55pZyYmCZupLAyEF rdqTUFkulwYAG1q2dtndt8WLVOBPEbDROew4nDpmVcgEInxMa3Kl9DNYN9SH9px3ZNgl7CanvYs6su1h+65rvmkhQZ6LEsCai G7no1cYMahHiSGWy/1BH0d2M1zSXqy7rgDbA4lWwN836/bENrQt02a0GpqbppAkpC4Fktd3uuuXYp1w9a6edrr2ao8xuDmEmO Z2KtU19UxiO2GmX0tUHG1MJfjbozo8TMtI4yaQKFOMUIqOIkxFDKR2Jd6lfS5woi3mOua/SbmHm9XsriRh6JEDcH+/qj4eoB Bbcz6sB6A7fUh7bHY2Bp6bYMdsqubZqkHouviz4B/9up/fnEw2ftyz//plhds2z8FziXnY+eas+34zudO4DxyHjsHTuwI51fn N+f3rXrrj60/t/6ypBcvtDwfOYNn6+9/ABGDauE=</latexit><latexit sha1_base64="AOtdrbx5/Q/V2cwyRHF1Ug6NxHE =">AAAM+HiclVfdjttEFHbLX3EXaOGSm6FuxC7qbuNsVaC0lSlFKhdAkdi2Yr2txvY4Hq09jjyTzaaW34JbkLhC3PI2fRu+mb ETezcFYSnJeOb8n++cM4lmOZdqPH514eIbb7719juX3nUvb733/gdXrn74RJbzKmYHcZmX1bOISpZzwQ4UVzl7NqsYLaKcPY 2Ov9HnT09YJXkpflbLGTsq6FTwlMdUYeuXsKAqk2kdNy+ueOO9sXnI+YXfLjynfR6/uHr5VZiU8bxgQsU5lfLQH8/UUU0rxeO cNW44l2xG42M6ZYdYCloweVQbkxsywk5C0rLCRyhidvscNS2kXBYRKI2JZ8/05qazw7lKvziquZjNFROxVZTOc6JKov0nCa9Y rPIlFjSuOGwlcUYrGitEaaDFWjrYiorGdcOHDP5W7Hvo/nHGKqrKqg7lVDS1/gKBYIu4LAoqkjp8MONNXYdRUYdYNTCIPORyl tMlwQbhgjwo88Td6J+L9BwziqQqWOeG+A0lPWGBPqVxjMiH62Vf72chTwPJxTRnh/tH9cglJJRMReXpOMzwXV+ve5zXxvu3J 7XnN83zR9ebHvHktcThMasE8j1g4mnCizBT43v4mhBvP2S5ZMSbhCnHeeOOfs4YiWhFFjzPScRIUZ4ABjo3OKj4NFMkWhJKMp qnpEwJ9MZxoHXRG2SR8TgjXAIthU5vYmhtrO4Mva9YbrgO/SNrqueHsI2dzqqeSBj0XapVV+xTCa1yjnRKoGKmAMs8LxeIoDE NNt/QC0FESQSbonpOGNFCSIFMWuKO8it3RAWhScJ1jdGc1A3RiZRQUDFQUWVI++rgVQb3CRPlHD+Ahcq0pyjtM64teMKgxHgW 8FSwU6UB/Bwg00cBznQq6zHAdmYLuYLLB0gJfAXaAF0s82mJOsgKU40WM0SXXpnLDaq1sMMJdK8AZkSvzgLz6k2Mtk3bE23E RrHBCqoRm0J0Vc5n+i1haQ9/nud73gR0o28FRZtDOqTSeQJcLAXMJnhMufQq5UzlDHJflDYxQkemH4IbBHVpspXySqp1r0CKp GI0IduSIesM+d9p9fLU25906oE1MUc/nMvQSAi0BKILYvSQQU6Bxm3kc0Vz3YzKSjcoAKeVZisxfBm0tWhlSrVE5Afymxd1Yw txzaUW/81WDxh1lYggXCSa127R5ISKmLVHu/rsZeCOfgDi2z0N340+6KQYqJtg7nUqTpDxjnXfbgaKFTNs0Y2qV6e7oS0YiV7 JWhtWh50ZAJTK/k31msMfb/ZxRTH08x7ZPu/jTbK/Q3bJ9oOKcRTUTQjd6ZCgG6LlvY+gdXLQOA0CzrZDmZUVxhY6m2kAzNR/ x3R3TD6xYrvuVo/3bjemve22NGsA+maJF3TYSt8O6jXb7oqvS/cApz3xtwZkLUbOhQt0G7qrO3qcI0nWj7KIuPYr5bohmsa5 3Rm9Q3gK6Ojs3R8TNCG8bmrGbV23lW0kGU3eZGVXP+B3TcCHpL6dRC1t/4AM4tiRmQH2fyKJLtcWkh15pp2ZmCRsprIwEFrcq jUFkelyYQC0qWVvn9l9W7RMBfIYDROdw4rDpWdegUAkxse0Kl9CN4N9S31ox3VPgl3Canras6gv1x6657rmkxYa6LEsCaiF7H o2coEZh3qQGG691BP0dWA3zyXpybrjDrA5lGwN8H2/bkNoQ982aUKrqblpAklC4losdXmvu3Yp1g1b6+Zpr2er8hiDm0uMZWK vUl1XxyC2G2b2tUDF1cJcjrsxosfPtIwwagKFOsUIqeAkxlDIRGJf6lXS5woj3mKua/abmHu8XcniRh6KEjUE+/uj4usBBrU x68N6ALbXh7THYmNr6LUNdsiubpqlHoiuiz8D/tmr//nFwWTvyz3/p1tesN3+K7jkfOxcc7Yd3/ncCZxHzmPnwIkd4fzq/Ob8 vlVv/bH159ZflvTihZbnI2fwbP39DzJnapE=</latexit>
c = F(a, b)
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persistence
<latexit sha1_base64="iFTpfR+BiKOgKZcYMKTFNfZ0W9s=">AAAN BHiclVddb9xEFHXLV3EDpMAbL0O3KxKUpOtNVaC0lQlFKg9AkZq2UpxGY3u8HsUerzyzSTaWn/kbvILEE+KV/9F/w5kZe9dOtiBWyu545s79PP dcJ5xmXKrR6NWVq2+8+dbb71x7172+9t77H6zf+PCZLGZlxPajIivKFyGVLOOC7SuuMvZiWjKahxl7Hh5/q8+fn7BS8kI8VfMpO8zpRPCER1Rh6 2j940CxMyWTaqqFpGIiYvXR+mC0MzIfcnnhNYuBv+6Yz5OjG9dfBXERzXImVJRRKQ+80VQdVrRUPMpY7QYzyaY0OqYTdoCloDmTh5VxvyZD7MQ kKUr8CUXMbvdGRXMp53kIyZyqVF4805urzg5mKvnysOJiOtNxWUPJLCOqIDoXJOYli1Q2x4JGJYevJEppSSOFZPSsWE97W2Feu27wiCHekv0A2z 8hhVQVZRXIiagr/QUBwU6jIs+piKtgb8rrqgrCvAqwquEQecTlNKNzgg3CBdkrsthdGZ8b5PSYURRYwTs3wG8g6Qnz9SmNImQ+WC67dj8PeOJL LiYZO9g9rIYuIYFkKizORkGK7+pW1bl5c7R7d1wNvLp++fhW3REev1Y4OGalQL17l3gS8zxI1egBvsZksBuwTDIyGAcJx3ntDp+mjIS0JKc8y0j ISF6cAAa6Njgo+SRVJJwTSlKaJaRICOxGka9t0S1ymvIoJVwCLbkub2xkba7u9aMvWWZuHXiH1tWBF8A3djYtOyrh0PeJNl2yzySsypnuCKBiq gDLLCtOkUHjGnze0gtBREEEm6CTThjRSkiOSlrhVvJrd0gFoXHMdb/RjFQ10YWUMFAySFFlRLvmEFWK8AkTxQw/gIVKdaRo8wuhnfKYwYiJzOe JQCtrAL8EyPSRjzNdymoEsF3YQq0Q8j5KgliBNkAXy2xSoA/S3HSjxQzRrVdkcoVprexgDNsLgBnVizPfPA7Gxtqq7bF2YqVafwHVkE2guixmU/ 0Us6SDv8HAGwzGkBt+JygoD+WQStcJcLEScJvgY9ql0ykXOqdX+7ywhRE6M90UbBH0palWwkupllyBEoE5aUw2JEPVGeq/2djlyWB33JoH1sQM fDiTgdHgaw1EN8TwEYOeHCRu9HNFM01GRakJCsBptNlODM79phetTqnmyHxPf31U1bYRl7fU6X9fq3oXdZcIPziN9V27ReMTihHRHG3rs3PfHf4 IxDd7Gr4rY9BFMVA3ydxpTZyg4u3VXbvpK5ZPsUVXml6cbge2YSS4kjU+LA5bNwAolf6b6eUNb7Q6xoVEP84HZONyjLfJ7ibZJht7JeNoqNtQu tkiQROivfsQSWv1gDgNAi7SoUyLEmMLzGYIgJn+by/dH5FPrdqW3arRzt3a0Nt2I7MEoGeWeADDlvpNoVpe217ca8vdw2lH/Z2eWIORS+mC3Ap2 dYdPMhTJxlHkIddxJVwToiHOjdbpTcITQEdX7+GIgITwuIqMm75uOttoMpYG44Vf3YTfNwnvi3p2EjWy3QPSy2MrZgbY/8kkWK5pJDvyDJ2ZnM RsqtLAF1rdgpr80LBc4ANtat7ZZ3bfNi1TvjwGYYI5rDq89MxKCIjYxJiUxTlsM/g314d2XHc02CW8pmcdj7p67aF7iTWfNdAAx7LYpxayy9nIB WYc+kFiuHVKT8DrwG6WSdLRdc/tYbOv2TrgeV7VpNCmviFpQsuJedMEkoR+Z5W6vZesXYglYWvbPOlwtiqOMbi5xFgm9lWqZXUMYrthZl8DVLx amBfldozo8TMpQowaX6FPMUJKBIkxFDAR24dqUfSZwoi3mGvJftXlzt22ZfF2HogCPQT/u6Pimx4GtTPLw6oHttentHPF5tbIax/skF28aRZ6IL ou/hnwLr76X17sj3e+2vF+vjPwt+w/Bc415xPnprPheM4Xju88dp44+07knDu/Or85v6/9svbH2p9rf1nRq1eaOx85vc/a3/8AvhJv1w==</la texit><latexit sha1_base64="iFTpfR+BiKOgKZcYMKTFNfZ0W9s=">AAAN BHiclVddb9xEFHXLV3EDpMAbL0O3KxKUpOtNVaC0lQlFKg9AkZq2UpxGY3u8HsUerzyzSTaWn/kbvILEE+KV/9F/w5kZe9dOtiBWyu545s79PP dcJ5xmXKrR6NWVq2+8+dbb71x7172+9t77H6zf+PCZLGZlxPajIivKFyGVLOOC7SuuMvZiWjKahxl7Hh5/q8+fn7BS8kI8VfMpO8zpRPCER1Rh6 2j940CxMyWTaqqFpGIiYvXR+mC0MzIfcnnhNYuBv+6Yz5OjG9dfBXERzXImVJRRKQ+80VQdVrRUPMpY7QYzyaY0OqYTdoCloDmTh5VxvyZD7MQ kKUr8CUXMbvdGRXMp53kIyZyqVF4805urzg5mKvnysOJiOtNxWUPJLCOqIDoXJOYli1Q2x4JGJYevJEppSSOFZPSsWE97W2Feu27wiCHekv0A2z 8hhVQVZRXIiagr/QUBwU6jIs+piKtgb8rrqgrCvAqwquEQecTlNKNzgg3CBdkrsthdGZ8b5PSYURRYwTs3wG8g6Qnz9SmNImQ+WC67dj8PeOJL LiYZO9g9rIYuIYFkKizORkGK7+pW1bl5c7R7d1wNvLp++fhW3REev1Y4OGalQL17l3gS8zxI1egBvsZksBuwTDIyGAcJx3ntDp+mjIS0JKc8y0j ISF6cAAa6Njgo+SRVJJwTSlKaJaRICOxGka9t0S1ymvIoJVwCLbkub2xkba7u9aMvWWZuHXiH1tWBF8A3djYtOyrh0PeJNl2yzySsypnuCKBiq gDLLCtOkUHjGnze0gtBREEEm6CTThjRSkiOSlrhVvJrd0gFoXHMdb/RjFQ10YWUMFAySFFlRLvmEFWK8AkTxQw/gIVKdaRo8wuhnfKYwYiJzOe JQCtrAL8EyPSRjzNdymoEsF3YQq0Q8j5KgliBNkAXy2xSoA/S3HSjxQzRrVdkcoVprexgDNsLgBnVizPfPA7Gxtqq7bF2YqVafwHVkE2guixmU/ 0Us6SDv8HAGwzGkBt+JygoD+WQStcJcLEScJvgY9ql0ykXOqdX+7ywhRE6M90UbBH0palWwkupllyBEoE5aUw2JEPVGeq/2djlyWB33JoH1sQM fDiTgdHgaw1EN8TwEYOeHCRu9HNFM01GRakJCsBptNlODM79phetTqnmyHxPf31U1bYRl7fU6X9fq3oXdZcIPziN9V27ReMTihHRHG3rs3PfHf4 IxDd7Gr4rY9BFMVA3ydxpTZyg4u3VXbvpK5ZPsUVXml6cbge2YSS4kjU+LA5bNwAolf6b6eUNb7Q6xoVEP84HZONyjLfJ7ibZJht7JeNoqNtQu tkiQROivfsQSWv1gDgNAi7SoUyLEmMLzGYIgJn+by/dH5FPrdqW3arRzt3a0Nt2I7MEoGeWeADDlvpNoVpe217ca8vdw2lH/Z2eWIORS+mC3Ap2 dYdPMhTJxlHkIddxJVwToiHOjdbpTcITQEdX7+GIgITwuIqMm75uOttoMpYG44Vf3YTfNwnvi3p2EjWy3QPSy2MrZgbY/8kkWK5pJDvyDJ2ZnM RsqtLAF1rdgpr80LBc4ANtat7ZZ3bfNi1TvjwGYYI5rDq89MxKCIjYxJiUxTlsM/g314d2XHc02CW8pmcdj7p67aF7iTWfNdAAx7LYpxayy9nIB WYc+kFiuHVKT8DrwG6WSdLRdc/tYbOv2TrgeV7VpNCmviFpQsuJedMEkoR+Z5W6vZesXYglYWvbPOlwtiqOMbi5xFgm9lWqZXUMYrthZl8DVLx amBfldozo8TMpQowaX6FPMUJKBIkxFDAR24dqUfSZwoi3mGvJftXlzt22ZfF2HogCPQT/u6Pimx4GtTPLw6oHttentHPF5tbIax/skF28aRZ6IL ou/hnwLr76X17sj3e+2vF+vjPwt+w/Bc415xPnprPheM4Xju88dp44+07knDu/Or85v6/9svbH2p9rf1nRq1eaOx85vc/a3/8AvhJv1w==</la texit><latexit sha1_base64="iFTpfR+BiKOgKZcYMKTFNfZ0W9s=">AAAN BHiclVddb9xEFHXLV3EDpMAbL0O3KxKUpOtNVaC0lQlFKg9AkZq2UpxGY3u8HsUerzyzSTaWn/kbvILEE+KV/9F/w5kZe9dOtiBWyu545s79PP dcJ5xmXKrR6NWVq2+8+dbb71x7172+9t77H6zf+PCZLGZlxPajIivKFyGVLOOC7SuuMvZiWjKahxl7Hh5/q8+fn7BS8kI8VfMpO8zpRPCER1Rh6 2j940CxMyWTaqqFpGIiYvXR+mC0MzIfcnnhNYuBv+6Yz5OjG9dfBXERzXImVJRRKQ+80VQdVrRUPMpY7QYzyaY0OqYTdoCloDmTh5VxvyZD7MQ kKUr8CUXMbvdGRXMp53kIyZyqVF4805urzg5mKvnysOJiOtNxWUPJLCOqIDoXJOYli1Q2x4JGJYevJEppSSOFZPSsWE97W2Feu27wiCHekv0A2z 8hhVQVZRXIiagr/QUBwU6jIs+piKtgb8rrqgrCvAqwquEQecTlNKNzgg3CBdkrsthdGZ8b5PSYURRYwTs3wG8g6Qnz9SmNImQ+WC67dj8PeOJL LiYZO9g9rIYuIYFkKizORkGK7+pW1bl5c7R7d1wNvLp++fhW3REev1Y4OGalQL17l3gS8zxI1egBvsZksBuwTDIyGAcJx3ntDp+mjIS0JKc8y0j ISF6cAAa6Njgo+SRVJJwTSlKaJaRICOxGka9t0S1ymvIoJVwCLbkub2xkba7u9aMvWWZuHXiH1tWBF8A3djYtOyrh0PeJNl2yzySsypnuCKBiq gDLLCtOkUHjGnze0gtBREEEm6CTThjRSkiOSlrhVvJrd0gFoXHMdb/RjFQ10YWUMFAySFFlRLvmEFWK8AkTxQw/gIVKdaRo8wuhnfKYwYiJzOe JQCtrAL8EyPSRjzNdymoEsF3YQq0Q8j5KgliBNkAXy2xSoA/S3HSjxQzRrVdkcoVprexgDNsLgBnVizPfPA7Gxtqq7bF2YqVafwHVkE2guixmU/ 0Us6SDv8HAGwzGkBt+JygoD+WQStcJcLEScJvgY9ql0ykXOqdX+7ywhRE6M90UbBH0palWwkupllyBEoE5aUw2JEPVGeq/2djlyWB33JoH1sQM fDiTgdHgaw1EN8TwEYOeHCRu9HNFM01GRakJCsBptNlODM79phetTqnmyHxPf31U1bYRl7fU6X9fq3oXdZcIPziN9V27ReMTihHRHG3rs3PfHf4 IxDd7Gr4rY9BFMVA3ydxpTZyg4u3VXbvpK5ZPsUVXml6cbge2YSS4kjU+LA5bNwAolf6b6eUNb7Q6xoVEP84HZONyjLfJ7ibZJht7JeNoqNtQu tkiQROivfsQSWv1gDgNAi7SoUyLEmMLzGYIgJn+by/dH5FPrdqW3arRzt3a0Nt2I7MEoGeWeADDlvpNoVpe217ca8vdw2lH/Z2eWIORS+mC3Ap2 dYdPMhTJxlHkIddxJVwToiHOjdbpTcITQEdX7+GIgITwuIqMm75uOttoMpYG44Vf3YTfNwnvi3p2EjWy3QPSy2MrZgbY/8kkWK5pJDvyDJ2ZnM RsqtLAF1rdgpr80LBc4ANtat7ZZ3bfNi1TvjwGYYI5rDq89MxKCIjYxJiUxTlsM/g314d2XHc02CW8pmcdj7p67aF7iTWfNdAAx7LYpxayy9nIB WYc+kFiuHVKT8DrwG6WSdLRdc/tYbOv2TrgeV7VpNCmviFpQsuJedMEkoR+Z5W6vZesXYglYWvbPOlwtiqOMbi5xFgm9lWqZXUMYrthZl8DVLx amBfldozo8TMpQowaX6FPMUJKBIkxFDAR24dqUfSZwoi3mGvJftXlzt22ZfF2HogCPQT/u6Pimx4GtTPLw6oHttentHPF5tbIax/skF28aRZ6IL ou/hnwLr76X17sj3e+2vF+vjPwt+w/Bc415xPnprPheM4Xju88dp44+07knDu/Or85v6/9svbH2p9rf1nRq1eaOx85vc/a3/8AvhJv1w==</la texit><latexit sha1_base64="NjbMlRT8S22qV/2wLN7J8qx2vTs=">AAAN BHiclVddb9xEFHXLV3EDtMAbL0O3KxKUpOtNVaC0lSlFKg9AkZq2UpxGY3u8HsUerzyz2WwsP/M3eAWJJ8Qr/6P/hjMz9q6dbEGslN3xzJ37ee 65TjjNuFSj0atLl994862337nyrnt14733P7h2/cNnspiVEduPiqwoX4RUsowLtq+4ytiLacloHmbseXj8rT5/fsJKyQvxVC2m7DCnE8ETHlGFr aNrHweKnSqZVFMtJBUTEauPrg1GuyPzIRcXXrMYOM3nydH1q6+CuIhmORMqyqiUB95oqg4rWioeZax2g5lkUxod0wk7wFLQnMnDyrhfkyF2YpI UJf6EIma3e6OiuZSLPIRkTlUqz5/pzXVnBzOVfHlYcTGd6bisoWSWEVUQnQsS85JFKltgQaOSw1cSpbSkkUIyelasp72tMK9dN3jEEG/JfoDtn5 BCqoqyCuRE1JX+goBg86jIcyriKng45XVVBWFeBVjVcIg84nKa0QXBBuGCPCyy2F0bnxvk9JhRFFjBOzfAbyDpCfP1KY0iZD5YLbt2Pw944ksu Jhk72Dushi4hgWQqLE5HQYrv6mbVuXljtHdnXA28un75+GbdER6/Vjg4ZqVAvXuXeBLzPEjV6D6+xmSwF7BMMjIYBwnHee0On6aMhLQkc55lJGQ kL04AA10bHJR8kioSLgglKc0SUiQEdqPI17boNpmnPEoJl0BLrssbG1mbq7v96EuWmVsH3qF1deAF8I2dTsuOSjj0faJNl+wzCatypjsCqJgqw DLLijkyaFyDz9t6IYgoiGATdNIJI1oJyVFJK9xKfu0OqSA0jrnuN5qRqia6kBIGSgYpqoxo1xyiShE+YaKY4QewUKmOFG1+LrQ5jxmMmMh8ngi 0sgbwS4BMH/k406WsRgDbuS3UCiHvoySIFWgDdLHMJgX6IM1NN1rMEN16RSbXmNbKDsawvQSYUb08883jYGysrdseayfWqvWXUA3ZBKrLYjbVTz FLOvgbDLzBYAy54XeCgvJQDql0nQAXKwG3CT6mXTqdcq5zerXPC1sYoTPTTcE2QV+aaiW8lGrFFSgRmJPGZFMyVJ2h/luNXZ4M9sateWBNzMCH MxkYDb7WQHRDDB8x6MlB4kY/VzTTZFSUmqAAnEab7cTgzG960eqUaoHM9/TXR1VtG3F1S83/+1rVu6i7RPjBPNZ37RaNTyhGRHO0o8/OfHf4IxD f7Gn4ro1BF8VA3SRztzVxgoq3V/fspq9YPsUWXWt6eboT2IaR4ErW+LA8bN0AoFT6b6ZXN7zR+hiXEv0475PNizHeIntbZIdsPiwZR0PdgtKtF gmaEO3dB0haqwfEaRBwng5lWpQYW2A2QwDM9H976d6IfGrVtuxWjXbv1IbedhqZFQA9s8QDGLbUbwrV6trO8l5b7h5OO+pv98QajFxIF+TWsKs7 fJKhSDaOIg+5jivhmhANcW62Tm8RngA6unoPRgQkhMd1ZNz0ddPZRpOxNBgv/eom/J5JeF/Us5Ooke0ekF4eWzEzwP5PJsFyTSPZkWfozOQkZl OVBr7Q6pbU5IeG5QIfaFOLzj6z+7ZpmfLlMQgTzGHV4aVnVkJAxCbGpCzOYJvBv4U+tOO6o8Eu4TU97XjU1WsP3Qus+ayBBjiWxT61kF3NRi4w4 9APEsOtU3oCXgd2s0ySjq67bg+bfc3WAc/zqiaFNvUNSRNaTsybJpAk9Dur1O29Yu1CrAhb2+ZJh7NVcYzBzSXGMrGvUi2rYxDbDTP7GqDi1cK 8KLdjRI+fSRFi1PgKfYoRUiJIjKGAidg+VMuizxRGvMVcS/brLnfuti2Lt/NAFOgh+N8dFd/0MKidWR1WPbC9PqWdKza3Rl77YIfs8k2z0APRdf HPgHf+1f/iYn+8+9Wu9/Ptgb/d/FdwxfnEueFsOp7zheM7j50nzr4TOWfOr85vzu8bv2z8sfHnxl9W9PKl5s5HTu+z8fc/3vZvhw==</latexi t>
model
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Non-unification 1. Calculation of amplitude c requires par-
ticle model.
1. Calculation of amplitude α requires per-
sistence model.
2. Particle-like detections signify position
measurements in particle model, and book-
end the phenomenon referred to as ‘an ex-
periment’.
TABLE I: Parallel between the complementarity interpretations of (i) amplitude sum rule (exemplified by double slit) and
(ii) symmetrization procedure (for two identical ‘particles’). Case (i): Given detections at a source and screen, the particle
model posits that a particle-like object traversed either one slit or the other. The wave model eschews such an assumption,
treating the electron as a delocalized object (‘wave’). These apparently contradictory models can nevertheless be synthesized
by positing a functional relationship, c = F (a, b), between the transitions amplitudes in these models. As shown in [18], the
unknown function can be obtained within a broader derivation of Feynman’s rules, yielding c = a + b (Feynman’s amplitude
sum rule). Application of the synthetic model requires explicit use of the particle model in order to calculate amplitudes, and
use of particle-language to interpret localized detection events. Case (ii): The persistence model assumes that detections
are underpinned by persistent entities, an assumption eschewed by the nonpersistence model. Model synthesis is enabled
by the assumption that the relation α = H(α12, α21) holds between the amplitudes in these models. Within the Feynman
framework, H can be solved [16] to yield the Feynman form of the symmetrization procedure α = α12 ± α21, where the sign
corresponds to fermionic or bosonic behaviour. Application of this procedure requires use of the persistence model to calculate
amplitudes.
in [18], the Feynman sum rule can be regarded as aris-
ing from a connection between two distinct experimental
arrangements—one in which there are which-way detec-
tors at each slit, and the other with a single large de-
tector covering both slits [18]. However, the sum rule
can alternatively be regarded as a connection between
two models of the same arrangement in which there is a
single large detector. However, in the derivation of the
Feynman symmetrization procedure for identical parti-
cles given here, only one of these two options is avail-
able: the symmetrization procedure arises from the con-
nection between two distinct models of the same exper-
imental arrangement. Thus, the symmetrization proce-
dure seems to express the notion of complementarity at
a deeper level.
IV. DISCUSSION
It is widely believed that identical particles differ from
nonidentical particles in that the former lack persistence
or reidentifiability. We have pointed out the deficiencies
of such a view, and proposed instead that the specialness
of identical particles lies in the fact that both persistence
and nonpersistence models must be employed in order to
cover their full range of behaviour. We have proved the
viability of this viewpoint by showing how the Feynman
and Dirac symmetrization procedures that are employed
to treat systems of identical particles can be systemati-
cally derived through a synthesis of the persistence and
nonpersistence models. We have also indicated how rei-
dentifiability emerges in a context-dependent manner.
We have further shown that the persistence and non-
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persistence models, and the manner of their synthesis,
satisfy the key characteristics of Bohr’s concept of com-
plementarity. On this basis, we have proposed that the
quantal behaviour of identical particles reflects a com-
plementarity of persistence and nonpersistence, analo-
gous to the way in which the behavior of an individ-
ual electron is rendered intelligible through Bohr’s wave–
particle complementarity. Finally, we have constructed
a precise parallel between these two complementarities,
which brings their conceptual similarities and dissimilar-
ities into sharper focus.
We conclude with a few brief remarks on which we
expect to elaborate elsewhere.
1. Relationship between the two complementarities.
The parallel between the persistence–nonpersistence and
wave–particle complementarities raises the question of
whether there is a single broader perspective from which
both complementarities can be seen to emerge, and in-
deed whether other related complementarities exist. We
leave this question open, apart from noting the pres-
ence in each of an essential tension between ‘whole’ and
‘part’. That is, in each complementarity, one model per-
mits analysis into ‘parts’ (either due to the assumption of
persistence or the assumption of continuous localization)
whereas the other describes the situation as an unana-
lyzed whole.
2. Relation between the quantum theoretic and quan-
tum field theoretic models of identical particle-like events.
According to the thesis put forward here, the sym-
metrization procedures used in the description of identi-
cal particle-like events are a bridge between the quantum-
theoretic descriptions of two different models of identical
particle-like events. This bridge allows one to compute
evolving states (or to compute transition amplitudes in
the Feynman picture) in the persistence model, and then
to combine these in specific ways (as specified by the
Dirac or Feynman symmetrization procedure) to yield
evolving states (or to yield transition amplitudes) in a
nonpersistence model.
As the nonpersistence model regards all the events
recorded at each instant as manifestations of an abstract
system, the number of these events is a state-determined
property (rather than an intrinsic property) of this sys-
tem. Accordingly, a natural generalization of the non-
persistence model considered above would allow a vari-
able number of events to be detected at each instant, and
correspondingly allow state-transformations in which the
number of events can change.
One can regard the quantum field theoretic treatment
of identical particle-like events as such a generalization.
In the quantum field theoretic model, there no persistent
entities (apart from the abstract system itself), only ‘ex-
citations’. The (anti-) commutation relations amongst
the creation and annihilation operators ensure that the
states in this model agree with those of the quantum
theoretic model for constant event (or excitation) num-
ber. The formalism allows one to compactly write down
superpositions of states with differing numbers of excita-
tions. The introduction of the notion of persistent indi-
viduals, however, requires that one interpret such states
within the persistence model—if probabilistic reidenti-
fiability holds in the persistence model (for each fixed-
number component of the superposition), then one can
interpret the excitations as persistent ‘particles’.
3. Connection to everyday experience. We ordinar-
ily assume that the appearances perceived in the present
moment are underpinned by objects that:
(i) Persist in the time between these appearances; and
(ii) Assume forms that coincide with those of these ap-
pearances, not only at the moment of perception
but also during the intervening intervals.
As an extrapolation from what is directly perceived,
these assumptions constitute a ‘theory’ developed very
early in life2, and are written into the foundation of clas-
sical physics. The above complementarities bring this
extrapolation into question, at two distinct levels:
(i) Wave–particle complementarity brings into ques-
tion the assumption that an object takes the same
form between observations as it does during its ap-
pearances.
(ii) Persistence–nonpersistence complementarity brings
into question the more basic idea that an object
exists between observations and underpins them.
Nevertheless, the synthesis of complementary mod-
els (wave and particle models; or persistence and non-
persistence models) yields a theory that fits the observa-
tions. Thus, on the one hand, one can regard comple-
mentarity as pointing to the limitations of our ordinary
models of the appearances; but, on the other, as offering
a constructive path to transcend these limitations.
2 As elucidated by Piaget [22], the concept of object persistence is
learned by infants, and develops through a series of distinct iden-
tifiable stages over the first eighteen or so months of life. Prior
to the development of this concept, infants sometimes behave as
if an object removed from sight no longer exists.
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